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A B ST R A C T
T he m echanism  by w hich quarks, believed to  be the  fundam ental con­
s titu en ts  of m a tte r , are p reven ted  from  existing in  the  free s ta te  is still u n ­
known. T he  phenom enon of quark  confinem ent is one of the  fundam ental 
problem s in physics. One of the  m ost viable cand ida tes  for a hypothesis of 
confinem ent is the  dual superconducto r m echanism  th a t  likens quark  confine­
m en t to the  M eissner effect in superconductors. T he pecu liarities of quark  
in te rac tions m ake a  num erical approach  to  the  sub jec t a  necessity, and  there­
fore, m uch of the  work in th is area  has been done th ro u g h  the  m ethods of 
la ttice  gauge theory, w ith the  sim plicities afforded by p u ttin g  spacetim e on 
a  four-dim ensional grid. O ver the  years a  large am oun t of ind irect evidence 
has accum ulated  th a t the  dua l superconducto r hypothesis does indeed lead to 
quark  confinem ent b u t unam biguous evidence has e luded  research efforts un til 
recently. T his work presen ts the  first d irect p roof of a  M eissner-like effect th a t  
leads to  confinem ent, using the  num erical techniques of la ttice  gauge theory. 
It is show n th a t  for a  U( 1) la ttice  gauge theory, th a t  serves as a  toy m odel 
for the  real w orld of quarks, a  dual London re la tion  an d  an electric fluxoid 
q u an tiza tio n  condition is satisfied, allowing us to  conclude th a t the  vacuum  
in th is case acts like an ex trem e type-II superconducto r, an d  th a t  quarks are 
confined. We also show th a t S U ( 2) la ttice  gauge theory, w hich is qualita tively  
different and  an o th er step  closer to reality, shows a  M eissner-like effect. In
co n trast to the  £7(1) case, our resu lts are found consistent w ith  a dual ver­
sion of the G insburg -L andau  theory  of superconductiv ity . We find reason to 
believe th a t the  S U ( 2) vacuum  behaves like a  superconducto r on the  bo rd er­
line betw een type-I an d  type-II. O ur approach  paves the  way for a s tudy  of 
the  m ore com plicated  theory, qu an tu m  chrom odynam ics, th a t is believed to 
describe quarks.
C H A P T E R  1
IN T R O D U C T IO N
T he quark is believed to  be an u ltim ate  constituent of m atte r. However, 
it has never been isolated in an experim ent, in spite of strong indirect evidence 
th a t it exists [1], T his is not, we believe, because of any fundam ental lim ita­
tions of our instrum ents, b u t because of the  n a tu re  of the strong force th a t 
exists betw een one quark  and  another. T he hypothesis th a t quarks cannot ex­
ist in the  free s ta te  is known as quark  confinement. In this thesis we will try  to 
u n d erstand  how quarks are confined using a sim ple physical p icture borrowed 
from  the  theory of superconductivity. To m otivate this we first review the 
four fundam ental forces in n a tu re , the classification of elem entary particles 
and the  developm ent of the quark  model. We will then  in troduce quantum  
chrom odynam ics, the  theory th a t describes quarks. Next we will build  up an 
analogy between superconductiv ity  and quark confinem ent, and  explain why 
we need a  num erical approach to this problem . T he m ethod we use is th a t 
of la ttice  gauge theory, the basics of which will be outlined. Lastly we will 
sum m arise our m ain results and  explain the organization of this thesis.
T he four basic in teractions are listed in Table 1 below. Particles in teract 
by exchanging certain  o ther particles, called exchange or m ediating particles. 
For exam ple an electron and a positron can in teract electrom agnetically by 
exchanging photons.
Table 1: T he Four Fundam enta l Forces
In teraction Relative
S trength
Exchange
Particle
Range
Strong 1 Gluons ~  10- l i cm
Electrom agnetic 1 tr ­ Pho ton DC
Weak io -1'2 IF * , Z° Bosons ~  0
G rav ita tiona l
r-1O
G raviton DO
P articles are classified roughly according to their in teractions. A selec­
tive list of particles is shown in Table 2. Of the  leptons, the  m ost fam iliar is 
the  electron, e~. Leptons in teract electrom agnetically. H adrons are particles 
th a t can have weak, electrom agnetic and  strong  in teractions. However we will 
show la ter th a t s trong  in teractions are responsible for the in ternal dynam ics of 
the  hadrons, and also dom inate  the ir in teractions w ith each other. T he  tim e 
scale for s trong  in teractions is abou t 10-23 seconds. T he  m uch slower electro­
m agnetic and  weak in teractions are ignorable to a good approx im ation  on this 
tim e scale. H adrons can be grouped in two broad  categories, the relatively 
light m esons which are bosons and the  heavier baryons which are fermions. 
T he p ro to n  and  n eu tro n  p and n  co n stitu te  atom ic nuclei. P artic le  masses are 
shown in  MeV. One MeV is 1.78 x 10-30 Kg. T he  cpiantities in  brackets are 
experim ental uncertain ties. For exam ple, the no ta tio n  0.5110034(14) should 
be read as 0.5110034 ±  0.0000014. These num bers are taken from Ref. [2j.
We now trace briefly the developm ent of the quark  model. It arose from 
a ttem p ts  to explain the  profusion of apparen tly  ‘e lem en tary ’ particles like 
those in Table 2, m ost of which had been dicovered by the 1950's and  1960's.
3Table 2. Some Stable Particles: the Leptons and Selected Hadrons
Particle Particle Mass (MeV)
category Symbol
Leptons
e± 0.5110034 (14)
P* 105.65932 (29)
r± 17S4.2 (3.2)
< 0.000046
<  0.5
* < 0.164
Hadrons
Mesons n ± 139.5673 (7)
7T° 134.9630 (38)
n 54S.8 (0.6)
K ± 493.667 (0.015)
K ° 497.67 (0.013)
Baryons P 938.2796 (27)
n 939.5731 (27)
A 115.60 (0.05)
T+ 1189.36 (0.06)
v - 1197.34 (0.05)
S° 1192.46 (0.08)
TO 1314.9 (0.6)
TUT 1321.32 (0.6)
f i - 1672.45 (0.32)
T he situation  was alleviated somewhat by the discovery th a t there existed cer­
ta in  sym m etries, which, by enabling different particles to be pu t into one class, 
reduced the num ber of independent particles. The first of these was isospin 
sym m etry, according to which the proton and neutron  could be treated  as 
two states of a single particle, the nucleon. The justification for this is th a t 
the two have nearly identical masses and interactions, which are different only 
because the proton is charged. By the same argum ent, there is only one pion 
7r which has three charge states. However the discovery of particles possessing
a new a ttr ib u te , th a t of strangeness, m ultip lied  the  num ber of isospin m ulti- 
p lets, and  the idea th a t p e rhaps there existed  a higher sym m etry  th a t could 
in co rp o ra te  s tran g e  partic les, began  to be explored. Also, the  very profusion 
of partic les and  th a t they  could be organized a t least in a  crude way, began 
to  suggest th a t they  all h ad  a  com m on underly ing  su b stru c tu re , in a m anner 
analogous to the  atom ic theory  exp lanation  of the  profusion of elem ents in the 
period ic  table.
E arly  a tte m p ts  to explain  these phenom ena included a  p roposal by Ferm i 
an d  Y ang (1949) [3] th a t  n eu trons and  p ro tons were the  e lem entary  con­
s titu e n ts  of hadrons. T his was followed by S akata 's  theory  in 1956 [3] sug­
gesting  th a t all hadrons were com posed of three  basic s ta tes , the  p ro ton , neu­
tro n  and  the  lam b d a  partic le , (p ,n ,  A). T h is was an  a tte m p t to  incorpora te  
s trangeness on the  sam e footing  as isospin. Its im portance  lies in the  fact th a t 
a lth o u g h  incorrect, it m arks the  b irth  of S U ( 3) as a  sym m etry  of e lem entary  
partic les since S akata  p u t (p, n ,A ) in to  the  lowest non -triv ia l rep resen ta tion  
of 517(3).
A h igher sym m etry  th a t would include s tran g e  partic les was proposed by 
G ell-M ann in the 1960’s [4]. T h is is also an 517(3) sym m etry  b u t does not 
consider the  neu tro n , p ro to n  and  A partic le  to  be e lem entary  constituen ts of 
the  o th e r hadrons. T he th ree  are tre a ted  as com posites ju s t like the  o ther 
hadrons. T he  basic fea tu re  of th is schem e is th a t if we p lo t the hypercharge 
Y  =  5  +  5 ,  w here 5  is the strangeness q u an tu m  num b er and  B  the  baryon 
num ber, versus the th ird  com ponent J3 of isospin, we can arrange  the  vast
num ber of hadrons in to  groups that, are either octets, singlets or decuplets. 
For instance, the neu tron , p ro ton , the three F particles and the two cascade 
particles E as well as the A all can be grouped into one octet. This is an 
approxim ate sym m etry  as the particle  masses in this octet range from 939 MeV 
to 1314 MeV. T hus isospin m ultip lets can be grouped into superm ultip lets. In 
term s of group theory, hadrons m ust belong to ‘rep resen ta tions’ of SU(3).  This 
is powerful, because if we know only a few particles belonging to a  p articu la r 
superm ultip le t, we can predict the rest.
In 1964, G ell-M ann [4], and  independently  Zweig [5], proposed th a t h ad ­
rons were com posed of fractionally  charged sub-particles called quarks [4] or 
aces [5], of th ree kinds or flavors. T his hypothesis enables us to resolve the 
m ystery  of why only octets, singlets and  decuplets occur in na tu re . If these 
th ree  quarks ( 'u p ’, ‘dow n’, and ‘s tran g e’) co n stitu te  the lowest non-trivial 
rep resen ta tion  of SU{3),  we can see th a t the d irect p roduct of a  quark trip le t 
w ith  an an tiquark  trip le t would yield an octet and a singlet. A direct p roduct 
of th ree quark trip le ts  yields a  decuplet, two octets and  a  singlet. T he fact 
th a t higher superm ultip le ts  do not occur then  m eans th a t hadrons are either 
com posed of quark -an tiquark  pairs, or of com binations of th ree quarks. We 
now identify the  form er w ith m esons and  the la tte r  w ith baryons. T hus a  
p ro ton  is com posed of two ‘u p ’ quarks and a  ‘dow n’ quark, ( unci), and  a 7T+ 
m eson is (ud).
Strong evidence for the quark  m odel came from  experim ents carried out in 
the  1960’s [6]. High energy electrons (15-200 GeV) were m ade to collide w ith
6pro tons, and  ‘deep ine lastic ’ events were selected, i.e. those which involved a 
large am oun t of m om entum  and  energy transfer to the p ro ton . T he incident 
partic les  were sca tte red  a t m uch larger angles th an  expected  if the p ro to n  was 
a  continuous charge d is trib u tio n . T h is was in te rp re ted  as evidence th a t there 
were m uch sm aller partic les inside the  p ro ton , of spin 1 /2  and  size less th an  
10~1G'Cm.
T h e  success of the  quark  m odel spurred  a num ber of experim ents to  isolate 
the  quark  [7]. E ssentially  they a tte m p ted  to find fractionally  charged particles. 
T he experim ents looked for quarks in high energy accelerator experim ents, in 
cosmic rays and  in sam ples of te rre s tria l m a tte r. T hey were all singularly  
unsuccessful, the  collision experim ents yielding a  bound  on the  cross-section 
for free quark  p roduction , «  10- 3 ‘cm 2, while the  flux of quarks in  cosm ic rays 
was less th an  10“ 10 quarks per cm 2/ster.second . Analysis of g rap h ite  sam ples 
yielded less th a n  1 quark  per 2 x 108 nucleons. T he only positive resu lt came 
from  LaR ue, F a irbank  and  H ebard  [8] who searched for fractionally  charged 
partic les an d  found five ou t of 39, th a t  had  m ean charges of —0.343 ±  0.011. 
However, o th e r g roups were not able to  reproduce their resu lt. All th is m ay 
be considered evidence th a t quarks cannot exist in the free s ta te , w hich is the 
idea of quark  confinem ent.
O ne of th e  hypotheses th a t tried  to  account for quark  confinem ent was 
the  color conjecture. T he  idea was th a t free quarks were p reven ted  from  ex­
isting  due to a  new, exact sym m etry  of the strong  in teractions w hich gave 
rise to a  color conservation law. T here  were already indications th a t a new
quark  q u an tu m  num ber was needed. For exam ple, the A ++ particle, which is 
com posed of three u quarks and has spin 3 /2 , w ith  zero o rb ita l angular m o­
m entum . has a to ta lly  sym m etric w avefunction th a t would violate the Pauli 
exclusion principle unless we in troduce an additional quan tum  num ber, th a t 
of color, which renders the  w avefunction antisym m etric . T hus quarks m ust 
possess a  fu rth e r label which can have th ree values, say R  (red), B  (blue) and 
G  (green). All existing quark  com posites are then  seen to be color singlets (or 
‘colorless’) so th a t quark  confinem ent becomes identical to color confinement. 
T ransform ations in color space belong to a  new group of SU{  3) transform a­
tions.
T here  exists some com pelling experim ental evidence for the color hy­
pothesis. In  7T° decay, for instance, w here the final p roducts are two photons, 
expected to  be p roduced th rough  a v irtual quark -an tiquark  s ta te , the th eo re t­
ical cross-section is th ree  tim es sm aller than  the experim ental value. However, 
a fter we consider th a t each quark can have any of th ree  colors, (which m eans 
m ultip ly ing  the  cross-section by 3) we o b ta in  the  correct value. A sim ilar 
s itu a tio n  arises when we consider the branching  ra tio  for e+ e-  going to qq 
and  to  /u+/.i~. This ra tio  has peaks a t certain  values of the  center of mass 
energy, which can only be predicted  correctly [9] if quarks are assum ed to be 
color-charged.
T he correct theory of strong in teractions is believed to be quan tum  chro­
m odynam ics (QC'D) [9]. Like quan tum  electrodynam ics, it is also a  gauge 
field theory. T his m eans th a t the theory  is invarian t w ith respect to a  certain
s
Table 3: Q uark  Flavors and  T h e ir P ro p erties
Q uark Symbol I h s c B Q
up u 1/2 1 /2 0 0 0 +  4
down d 1/2 -1 /2 0 0 0 1■ 3
s trange s 0 0 -1 0 0 i~ 3
charm ed c 0 0 0 1 0 +1
b o tto m b 0 0 0 0 -1 1'3
class of local tran sfo rm a tio n s , th a t  c o n s titu te  the  sym m etry  or gauge group 
of the  theory. T he preservation  of th is  local sym m etry  necessita tes the  exis­
tence of gauge fields, whose q u a n ta  are  the  exchange p artic les  of th is theory. 
T h u s  q u an tu m  electrodynam ics is invarian t w ith  respect to  tran sfo rm atio n s  
u n d e r the  gauge group U( 1), w ith  th e  gauge field (th e  p h o to n  field A fl) cor­
resp o n d in g  to  the  Lie a lgeb ra  of th e  g roup . S im ilarly  Q C D  is an  5Tr(3)-color 
gauge theory, in w hich color is an  exact, local sym m etry . T h e  in te rac tion  
betw een  quark s  is m ed ia ted  by m assless gluons, w hich them selves carry  color 
(e.g. R G ) .  T h e re  are  eight varieties of these. Since gluons can in te rac t w ith  
each o th er, q u a n tu m  chrom odynam ics is non-linear in th e  g luon variables, u n ­
like q u an tu m  electrodynam ics, w hich is sim pler because  the  p h o ton  has no 
charge.
T he  five know n flavors of quarks an d  th e ir q u an tu m  num bers are  su m ­
m arized  below. T he  q u an tu m  num bers are, respectively, isospin, the  th ird  
com ponen t of isospin, strangeness, charm  an d  th e  b o tto m  q u an tu m  num ber. 
(N ote th a t  w hile Q CD  says n o th in g  a b o u t the flavor sp ec tru m  of quarks, there  
is no o th e r theory  th a t does).
9Q uantum  chromodynamics incorporates most of the experim ental results 
in quark physics. It makes predictions about the high energy behavior of quark 
bound states which are borne out by experim ents. One example is asym ptotic 
freedom, which refers to the fact th a t quarks within hadrons behave like nearly 
free particles, as seen in cleep-inelastic scattering experim ents [6]. However, 
what we are interested in here is the low energy or long distance (about half 
a  fermi a t sufficiently low tem peratures) behavior of hadrons. This is the 
confined regime, which we now discuss.
There is a simple way of understanding how quarks can be perm anently 
confined. Consider the quark-antiquark (qq) bound state, the meson. It will 
be possible to separate the quarks only if the potential between them  goes 
to a constant as a function of their separation. Since quarks do not seem 
to exist in the free state, it is reasonable to conjecture th a t the interquark 
poten tia l increases w ith separation. The simplest case is a poten tial th a t 
depends linearly on the separation, V(r)  ~  kr,  where k is a  constant, equal to 
the force. This implies th a t it would require an infinite am ount of energy to 
separate the qq pair to an infinite distance. A constant force means th a t the 
color field lines between the qq pair form a tube w ith a  constant energy per 
unit length instead of spreading out in space like those of an electric dipole. 
This conjectured flux tube configuration is shown in Fig. 1.1.
In searching for a mechanism for perm anently  confining quarks, it is n a t­
ural to look for a sim ilar phenom enon in nature. The other example of flux
10
Figure 1.1: The Conjectured Flux Tube Configuration for a qq Pair
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tu b e  form ation  in physics is the Abrikosov vortex, form ed when a type-II su­
perconducto r is sub jec ted  to an external m agnetic field above H e  1 [10]. This 
has led t ’Hooft, M andelstam  and others [11] to suggest th a t perhaps quark 
confinem ent is analogous to the M eissner effect in superconductors. T h is has 
come to  be know n as the dual superconductor hypothesis. Briefly, the dual 
superconductor hypothesis postu la tes th a t quark confinem ent is like a M eiss­
ner effect w ith a  color-electric field replacing the m agnetic field, and  a  color 
m agnetic field in place of a  (negative) electric field (th is  is the  dual tra n s ­
form ation , E  —> B , B  —> —E).  T hus the color-electricallv charged quarks 
play the  role of m agnetic sources in the superconductor. Ju s t as electrically 
charged supercurren ts  in superconductors are responsible for ‘squeezing’ the 
m agnetic field lines in to  a  tu b u la r configuration, color-m agnetically charged 
supercu rren ts  (generated  by color-m agnetic m onopoles) c ircu late  ab o u t the 
color-electric field lines betw een the quarks, squeezing them  in to  a  flux tube.
U nfortunately  the  confined regim e cannot be s tud ied  using analytical 
m ethods. T he usual analytical approach  is p e rtu rb a tio n  theory, which in ­
volves an expansion in the coupling constan t (for exam ple the dim ensionless 
coupling a  =  e2/(47rtic) in electrodynam ics). T his is feasible w hen the cou­
pling constan t is less than  one, as in the  high energy region of QCD. In the 
low energy regim e however, the coupling is of order unity, so th a t p e rtu rb a tiv e  
expansions are im possible and  n o npertu rba tive  m ethods m ust be applied.
T he  m ost p roductive n o npertu rba tive  approach  is la ttice  gauge theory 
(L G T ), proposed by W ilson in 1974 [12]. This is a  form ulation  of quan tum
field theory 011 a Euclidean spacetim e grid, which in our study is a four­
dim ensional hypercube. Gauge fields, which are the fields associated w ith 
the exchange particle of the theory, are defined on the links (strictly  speak­
ing, gauge group elem ents exist on links), while m a tte r fields like quarks exist 
on the sites of the lattice. W hy do we wish to ‘discretize’ a  continuum  the­
ory in this m anner? To begin w ith, there is the question of infinities th a t 
arise in a  continuum  field theory for processes a t high m om enta. These are 
usually taken care of via a  procedure known as regularization, which isolates 
the infinite term s, followed by renorm alization, which absorbs these infinities 
in to  a redefinition of the param eters of the theory. However m ost regulariza­
tion schemes are based on pertu rbative  expansions. The lattice, on the other 
hand, represents a non-pertu rbative  regulator. T here is an au tom atic  high- 
m om entum  cut-off because the finite lattice spacing a perm its a m om entum  
no higher th an  rr/a. Like all regulators, the lattice  m ust be removed at the end 
of the calculation by taking the continuum  lim it a —> 0. A nother m otivation 
for lattice gauge theory is th a t it takes advantage of the deep connections be­
tween quantum  field theories and sta tistica l mechanics. At zero tem perature, 
quantum  field theory in D  space dim ensions and 1 tim e dim ension is equiva­
lent to  a  classical Euclidean sta tistica l system  in D  +  1 space dimensions. At 
non-zero tem peratu res there is a sim ilar equivalence w ith a quantum  s ta tis ­
tical system  in D  space dim ensions. Thus well known m ethods in statistical 
mechanics, such as M onte Carlo techniques, high tem peratu re  expansions and 
the renorm alization group can be applied to  study  field theory 011 the lattice.
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P ro b ab ly  the  m ost com pelling reason  why la ttice  gauge theory  is useful for 
stu d y in g  quark  confinem ent is th a t like a  s ta tis tic a l system  it can have differ­
en t phases, an d  in som e phase  the theory  m ay be n a tu ra lly  confining while in 
a n o th e r phase  it can be deconfining (as d iscussed in ch ap te r 3 and  4).
W h a t we have learned  ab o u t confinem ent in general from  la ttice  s tu d ­
ies will be d iscussed in C h ap te r 2. We now sum m arize resu lts  specific to 
flux tu b e  fo rm ation  an d  the  dua l su p erco n d u c to r hypothesis. L attice  stud ies  
[13,14] have show n clear evidence for a  flux tube-like configuration  betw een 
a  quarlc-an tiquark  pair. T h e re  is evidence th a t  the  energy to  sep a ra te  th em  
goes solely in to  leng then ing  the  tu b e , which is w hat we expect from  a  linear 
po ten tia l. T hese  stud ies  have even g leaned  som e details  of the  flux tu b e . For 
in stance  they  have show n th a t the  para llel com ponent of th e  color-electric 
field is th e  d o m in an t co n trib u tio n  to the  energy density. Also there  is a  can ­
cellation  betw een th e  transverse  electric an d  m agnetic  co n tribu tions, so th a t  
the  flux tu b e  is narrow er th a n  expected  from  stu d y in g  ind iv idual com ponents. 
These a re  som e of th e  fea tu res th a t  m ust be in co rp o ra ted  in a  m echanism  of 
confinem ent.
Since the  dua l su p erco n d u c to r m odel appeared , la ttice  s tud ies have been 
perform ed  on  b o th  U ( l)  an d 'n o n -A b e lian  pu re  gauge theories. T he  m otivation  
for s tu d y in g  U( l )  gauge theo ry  on a  la ttice  is th a t  unlike its  con tinuum  coun­
te rp a r t, it has a  confined phase  as well as the  deconfined phase  correspond ing  
to q u an tu m  electrodynam ics. As will be  d iscussed in m ore deta il la te r, the  
vacuum  of th is  theory  n a tu ra lly  contains m agnetic  m onopoles in the  confined
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phase. Thus, confinement can be studied using U( l )  lattice gauge theory as a 
pro to type before going on to the true non-A belian theory.
M uch evidence favoring this hypothesis has been accum ulated to date, 
s ta rtin g  from the work of Polyakov [15] and Banks, M yerson and Kogut [16], 
who showed th a t 17(1) lattice gauge theory w ith a  pair of static  quarks could 
be approxim ately transform ed into a model describing the in teraction  between 
an electric current loop from the quarks and a gas of m agnetic current loops. 
D eG rand and Toussaint [17] dem onstrated  via a num erical sim ulation th a t 
the vacuum  of 17(1) lattice gauge theory is populated  by monopole currents, 
copious in the confined phase and rare  in the cleconfined phase. Also working 
in 17(1), B arber, [IS], Cea and Cosmai [19] and W ensley and Stack [20] found 
evidence th a t monopoles were relevant to confinement. In the work of Ref. 
20, which studied a la ttice  function th a t serves as an order param eter for 
confinem ent, the monopole contribution  was found to  account for nearly  all of 
the to ta l value.
T he next b reakthrough was ’t H ooft’s extension of this p ic tu re  to non- 
A belian theories, by choosing a special gauge where the non-A belian theory 
resem bled the Abelian case (which will be explained in detail in C hapter 4). 
This was im plem ented on the lattice in a pioneering study  by Kronfeld et 
al., for S U { 2) [21] and recently also for SU(3)  [22] gauge theories. They 
confirmed th a t the m onopole density was high in the confined phase, and fell 
dram atically  to nearly zero in the deconfined regime. O ther h in ts th a t the dual 
superconductor hypothesis was on the right track, came from Bornyakov at
15
al., [23], as well as the relatively recent work of Suzuki et a I. [24], who showed 
th a t there was an Abelian dom inance in S U {2) lattice gauge theory. This 
m eans th a t the order param eter for confinement is dom inated by an Abelian 
contribution, indicating th a t confinement arises from the A belian subgroup 
of the non-A belian theory. This lends credence to ’t H ooft’s gauge-fixing 
procedure m entioned above. A nother piece of evidence came from B arber 
et al. [25], who, after selectively removing lattice configurations containing 
m agnetic monopoles, found th a t the resulting theory was non-confining.
Note th a t past studies of the dual superconductor hypothesis have been 
m ainly perform ed in the vacuum , w ithout quarks, and it is encouraging th a t 
the  results h in t strongly th a t monopoles are relevant to the confinement p ro­
cess. However, a real test of the dual superconductor hypothesis should m ea­
sure the response of these monopoles to external sources, such as a quark- 
an tiquark  pair. In the absence of sources, the m onopoles form  curren t loops 
d istribu ted  random ly in spacetim e. The dual superconductor hypothesis is 
validated  if the in troduction  of sources results in a  reorganization of these 
currents so as to squeeze the flux lines between the quarks into a tube. The 
dem onstration  of this for U( 1) la ttice gauge theory, and its extension to S U ( 2), 
is the crux of this thesis.
To test the  dual superconductor m echanism  on the lattice, we m ust devise 
a  function th a t m easures the response of the m agnetic m onopoles to the p res­
ence of a quark-antiquark  pair. In this we are guided by the London equation 
for superconducters [10,26], which relates the line integral of the supercurrent
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a ro u n d  a  closed loop to  the  m agnetic  flux th ro u g h  the  surface enclosed by the 
loop. W e devise two corre la tion  functions which are the la ttic e  equivalents 
of the  term s in the  dua l version of the  London equation . If th is equation  is 
valid on the  la ttice , th is  is p roof of the  M eissner effect, and  hence o f the dual 
su p erco n d u c to r hypothesis.
O ur resu lts  ind ica te  unam biguously  th a t a dua l London eq u a tio n  is obeyed 
on the  la ttic e  for pu re  four-d im ensional U( l )  gauge theory. It is all im p o rta n t, 
th en , to  see w hether the  sam e holds for non-A belian  la ttice  gauge theories. 
T h is  is m ore difficult to  d em o n stra te  because of the  fact th a t  the  necessary  
gauge fixing s tep  is costly  in  te rm s of co m p u te r tim e. However we have p e r­
form ed th is  calcu la tion  (a lb e it on a  relatively  sm all scale) an d  find  th a t  the  
M eissner effect does occur, b u t the  d a ta  is consisten t w ith  a  G inzburg -L andau  
type  theory  [10] ra th e r  th a n  a  London equation . For b o th  theories, we also 
calcu la te  the  London p e n e tra tio n  d ep th  and  d e m o n stra te  fluxoid q u an tiza tio n .
T h is  thesis is o rganized  as follows. C h ap te r 2 begins w ith  a  d iscussion of 
th e  connection  betw een the  p a th  in teg ra l form alism  of q u an tu m  field theory, 
a n d  la ttice  gauge theory. A n overview of la ttic e  gauge theory , its  im p lem en ta ­
tion  an d  in te rp re ta tio n , an d  a  h is to rica l perspective  is also p resen ted , finishing 
w ith  a d e ta iled  exposition  of the  num erical techn iques em ployed on the  la t­
tice. In c h ap te r 3 we review  the  London theory  of su p erco n d u c tiv ity  briefly 
and  w rite  dow n its d u a l version. We th en  exp lain  how  ou r co rre la tion  func­
tions are  the  la ttice  equivalents of the  term s in th e  L ondon eq uation  and  how 
the calcu la tion  is perform ed. We p resen t our resu lts  and  th e ir in te rp re ta tio n .
C h ap ter 4 deals w ith  our s tudy  of S U ( 2 ) la ttice  gauge theory, in which we 
discuss 't  H ooft’s gauge fixing m echanism  and  our im plem en ta tion  of th is on 
the  lattice, and display our resu lts and  th e ir in te rp re ta tio n  in term s of a  dual 
G inzburg-L andau  theory. Finally, in a sum m ary  chap ter, we discuss our re­
su lts, the ir consequences and  the ir lim ita tions, as also the  directions th a t are 
ind ica ted  by our p ro jec t for fu rth e r research.
C H A PT E R  2 
LATTICE G AUGE THEORY BASICS
2.1 Overview o f Path  Integrals
We review the p a th  integral form ulation of quan tum  field theory [27], its 
im plem entation on the lattice, and discuss in general term s how a la ttice  
calculation is perform ed and  in terpreted .
To understand  how lattice  gauge theory relates to the p a th  integral for­
m ulation of quan tum  field theory, we s ta r t by recalling the p a th  in tegral de­
scription of quan tum  m echanics, in which the Green function of the  theory can 
be expressed as a w eighted sum  over all possible p a th s betw een the in itial and  
final states. If the  coordinate degrees of freedom of the quan tum  m echanical 
s ta te  are denoted collectively by q, then as the system  evolves from the initial 
s ta te  (q , t ) to the final s ta te  (q ' , t '), the wavefunction a t the  la te r tim e m ay be 
w ritten:
%M J )  =  J  <kG(q\t'\q, t)rl>(q,t),
where
is the  G reen function. Since la ttice  gauge theory is form ulated in Euclidean 
space, let us analytically  continue this Green function to im aginary tim e, i.e., 
t  —► — ir,  t 1 —*• —i r 1. F u rther, assum ing th a t the  H am iltonian has the  form
=  +  V(Q) ,
— e x —  1 
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w here a  is the  index for the  coord inate  degrees of freedom  of the  system , 
we divide the  tim e interval t ' — t  in to  N  sm all intervals of length  e =  ( r '  — 
t ) / N .  Each p a th  in phase space s ta r tin g  from  (q, t )  and  ending  on (q ' , t ' ) is 
ap p rox im ated  by s tra ig h t line segm ents for each tim e in terval r, — r , -  [ and  is 
w eighted by e - 5 ^ ] .  T hen, sum m ing over all possible p a th s , we ob ta in , for 
the  G reen function ,
( , / | e— =  f  [D<,)e-SM ,  (2 .1 .1 )
J,I
w here
•SeM = J  dr ' '  L E(q{T' ' ) ,q{T' ' )).
H ere is the  E uclidean  action and  L e  is the  L agrangian.
n - i r
Scfa] =  2^ e o ( ^ ( r' ) )2 +  •
/ = 0 Q
We have now represen ted  the m a trix  elem ent as a  sum  over all possible p a th s, 
each p a th  w eighted by a B oltzm ann-like facto r exp( — S£[</]). Im p o rtan t contri­
b u tions to  th is  in tegral will come from  those p a th s  for w hich S e  is sta tionary , 
i.e ., w hich satisfy  the  condition (SS'ijfQ] =  0. T h is is the  p rincip le  of least action, 
w hich leads to the  classical Euclidean equations of m otion. T hus con tribu tions 
from  p a th s  o th e r th an  the  classical ones, rep resen t q u an tu m  fluctuations.
We now ex tend  th is form ulation  to q u an tu m  field theory, w here we are 
m ain ly  in te rested  in sca tte rin g  processes. T he  in itia l s ta te  of the  system , at 
t  =  —oo, is the  g round  s ta te  or vacuum  of the  theory. T he  in te rac tion  takes 
place at t = 0, and  the  final s ta te  of the system , at. t =  + o c . is also the
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g round  s ta te . In field theory  all physical in fo rm ation  ab o u t the  system  is 
encap su la ted  in the  set of G reen functions of the  theory. T he  relevant G reen 
function  is the  vacuum  to  vacuum  tim e ordered  p ro d u c t of field o p era to rs . An 
n -p o in t G reen function  is such a  p ro d u c t of n field o p era to rs  in the  H eisenberg 
rep resen ta tio n . For in stance , for the  real scalar field con tinued  to im ag inary  
tim e t  —> —tY,
<&a ,.(.T,i) =  e I l r <f>a i ( x ,  0 ) e - / / r ,
the  n -po in t G reen function  is the  tim e-ordered  p ro d u c t,
G'0 l , a 2, . . . o „ ( n ,  T2 , . . . Tn ) =  ( Et } \ ® a i { Tl ) $ cl2(T2 ) . . . § Qn( T n ) ) \ E o ) .
Here |-Eo >  is the  vacuum  or g ro u n d  s ta te  of the  system . In analogy w ith  
q u an tu m  m echanics, th is  p a th  in teg ra l is evaluated  by d iv id ing  th e  tim e in ­
terval t '  — r  in to  N in fin itesim al in tervals . E ach p a th  betw een the  in itia l and  
final s ta te s  is w eighted by e ~ S£:t*i an d  by the  p ro d u c ts  of a t the
correspond ing  tim es. A fter sum m ing  co n trib u tio n s  from  all possib le p a th s , 
we m u ltip ly  the  resu lt by (1 / \ / '2ne)nN w here n  is the  num ber of degrees of 
freedom , an d  take the  lim it e —» 0, N  —> oo, keeping the  p ro d u c t JVe finite.
< £ o |T ($ a i ( r 1) - . . $ Q„(r,,) |£o>  -  ---------------/ [ £ ) $ ] e - S E[*]---------------  (2 ' L 2)
w here
/ + ° o cIt L e { $ { t ), $ ( r ) ) .
'O O
Since it is no t alw ays possib le to calcu late  the p a th  in teg ra l analy tica lly  (unless 
it is G aussian ) we use num erical m eth o d s instead , w hich are  necessarily  lim ited  
to finite la ttices. We shall discuss these in Section 2.3.
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A great sim plification is afforded by the resem blance of equation (2.1.2) to 
a statistica l m echanical ensemble average w ith a Boltzm ann d istribution. This 
enables us to use the techniques of statistica l mechanics to calculate Green 
functions for system s w ith a large num ber of degrees of freedom. This justifies 
the fact th a t Euclidean Green functions are often referred to as correlation 
functions,
<  $ a i ( r 1) - - - $ Qn(r„ ) > =  i  J [ D ^ a i {Tl ) - - - ^ an{Tn )e~SE^  (2.1.3)
where Z  = resembles the p a rtition  function of the statistical
mechanics analog.
For com pleteness we note tha t the analogous expression for Green func­
tions and the action in Minkowski space is
< > =  ------------- /[£ )$ ]e»sW-------------  ( ’
where
=  - v m m
so th a t
2 .2  L a t t ic e  G a u g e  T h e o ry
Let us now tu rn  to the lattice form ulation of quan tum  field theory [12,27- 
29]. We begin by pu ttin g  spacetim e on a  discrete, hypercubical grid. This 
is in tended to be a  tem porary  m easure, a m athem atical trick to enable us to
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do num erical calculations, after w hich the  la ttice  spacing is supposed to be 
taken to  zero. On the la ttice  we are in Euclidean space, which has the useful 
p roperty  of m aking  ou r in tegrals converge sm oothly.
Each la ttice  link is associated w ith  an elem ent of the  sym m etry  group of 
the field theory  being stud ied . For £7(1) gauge theory, these are £7(1) group 
elem ents denoted  U ( i , j ) =  exp(/0) =  exp{ia(jaA fl). Here r/0 is the coupling, a 
is the la ttice  spacing, an d  is the  gauge field. T he i and  j  indices on the 
group elem ent rep resen t the  two ad jacen t sites th a t  define the  link on which 
the  elem ent U ( i , j )  is located. At each site th e re  em an a te  8 such links in 
each of the  4 possible d irections. T hose po in ting  in  the positive directions are 
labelled by the site. A link variable po in ting  along the negative d irection  is the 
inverse of the  link along the positive d irection , U(j ,  i) =  £ 7 ( i,j) -1 =  exp ( — id). 
Having defined the  link variables U ( i , j )  on every site of the  la ttice , we now 
have a E uclidean  s ta tis tic a l m echanical system  in  the canonical ensem ble w ith  
p a rtitio n  function
Z  =  j  d U e ~ s u^ \  (2.2.1)
w here we take S to be  the  W ilson action:
S[C] =  5 ^ [ l - i ( C p  +  C p ] .  (2.2.2)
P
Here 0  is analogous to 1 / k T  in  s ta tis tic a l m echanics. Up  is the  p laquette  
variable, defined as the  orien ted  p ro d u c t of d irec ted  links a ro u n d  an ele­
m en tary  square. T hus for a p laq u ette  in the /.m p lane a t site  it, th is is
Utl(n)Uu{n +  f.i)U,^(ii +  v ) U ^ ( n ) .  (See Fig. 2.1). S  reduces to the usual
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(E uclidean) action  for a pu re  gauge field,
J IT r ( F lluF llu)d-l x ,
in the naive continuum  lim it of the  la ttice  spacing a —> 0, where F liu is the 
gauge field tensor. This is the usual gciuge action if we identify ft — 2/go2. 
T he p laquette  itse lf reduces to ss jn this lim it.
So far w hat we have is a  vacuum  consisting of the gauge particles of 
our theory, which are random ly pair-p roduced  and annih ila ted . We have not 
in troduced  quarks yet. In troducing  dynam ical quarks on the la ttice  gives rise 
to  w hat is known as the doubling problem  [27,2S] which arises as follows. To 
in troduce  ferm ions on the la ttice  consider the  action for a  free D irac field, 
continued to im aginary  tim e.
S F = i J  +  M)tp{x) ,
where the 7 ;f  are the Euclidean coun terparts  of the  D irac m atrices. The 
problem  arises when we w rite down a  correlation function such as the two 
po in t function for the field operators, using the p a rtitio n  function w ith the 
above action. It is m ost easily seen if we try  to take the  naive continuum  lim it 
of th is function. It tu rn s o u t th a t there are then 16 fermionic species, fifteen 
too many. In D -spacetim e dim ensions there are i D ferm ions. T here  are ways 
of overcom ing th is problem , b u t they are com putationally  intensive and  not 
very physically transparen t.
Fortunately , the study  of the fundam ental problem s of quan tum  chromo- 
dynam ics such as quark  confinem ent can be done w ithout the in troduction  of
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Figure 2.1: T he Links C onstitu ting  a P laq u e tte
ferm ion degrees of freedom  on the lattice. S tatic  quarks suffice, allowing us 
to s tu d y  the b road  features of the phenom enon in som e detail. It can also 
be argued  th a t using s ta tic  quarks on the la ttice  is a good approx im ation  to 
real-life heavy quarks such as the b-quark.
S ta tic  quark  sources were first in troduced  by W ilson [12] in his original 
fo rm ulation  of la ttice  gauge theory, via the  W ilson loop. To u n d e rs tan d  this 
[28], consider sep ara tin g  a  quark -an ti quark  p a ir to a  rela tive  d istance  R.  T he 
p a ir is kept a t th is separa tion  for a  tim e T  an d  then  b ro u g h t together and 
ann ih ila ted . T h e  w orld line of such a q u ark -an tiq u ark  p a ir would form  a 
closed loop in spacetim e. T he Euclidean am plitude  for th is process is the 
m a trix  elem ent
( i \ e - H T \ f )
w here | i ) , | / )  rep resen t the in itia l and final s ta tes , i.e. the  qq p a ir a  d istance 
R  a p a r t, and  H  is the ham ilton ian . T his equation  can be w ritten  as a  p a th  
in tegral.
, , - H T :  , ,  f l D A l ‘ \ e*P [ - 5  +  'So f  
' , |e  U> / ( B . 4 / ) e - s
w here J fl is an ex ternal cu rren t describing the  world lines of the  quarks, and  
the  group index a =  for S U ( 3), a =  1 ,2 ,3  for S U { 2) and  a = 1 for
17(1). For a sim ple p lan ar loop the J fl‘lA fl“ term  becom es ( 1 / 2 A" where 
the  A“ are S m atrices th a t are the generators of S U { 3). Since ] /), | / )  are 
identical an d  l3ecau.se this is a. s ta tic  process, the  above equation  reduces to
2G
exp( — V ( R ) T ) ( i \ f ) ,  where V ( R )  is the interquark potential. The quantity
O n the lattice, the W ilson loop is defined as the p roduct of links forming a 
closed loop C' lying on a plane, such as the c — t plane in the lattice, as shown
T he W ilson loop is an order param eter for confinement, as we will see shortly. 
At a fixed tim e t between 0 and T , we can study the sta tic  properties of the 
quark-an tiquark  pair, if the W ilson loop is long enough in the tim e direction to 
avoid contam ination by excited quark  states th a t are created by the creation 
and annih ilation  process.
The behavior of the W ilson loop function was the first indication th a t the 
la ttice  was the  n a tu ra l place to  study  strongly in teracting  theories. In the lim it 
of strong coupling, when g is large and /? =  1 /  g2 is small, the partition  function 
Z  can be expanded in j3, in a m anner analogous to the high tem peratu re  
expansion for a s ta tistica l m echanical system. In this regime, the W ilson loop 
acquires an area  law behavior, W ( R , T )  =  exp(—kA) ,  where A  =  R T  is the 
area of the loop. Since we have just seen th a t W { R , T )  ~  exp ( — V{ R) T) ,  it 
follows th a t V  = kR.  We see th a t k represents the string  tension. It serves 
as an order param eter since it is identically zero in the deconfined phase and 
non-zero in the confined sector of the theory.
is called the W ilson loop correlation function. Here P  s tands for p a th  ordering.
in Fig. 2.2.
(2.2.3)
F igure  2.2 T he  links constitu ting  a  3 x 3 W ilson lqop ,%
The area law behavior is independent of the shape of the closed loop C. 
U nfortunately it m eans also th a t the signal dies down exponentially w ith area, 
so we are lim ited to studying  loops th a t m ust not be too large, and yet cannot 
be too small if we are in terested  in states where the kinetic energy of the pair 
is zero. For nearly all gauge groups of in terest, the area law behavior is seen 
in the strong coupling lim it. This includes U (l) and SU(N).
In a theory w ithout confinem ent, the quark pair energy is twice the self­
energy E s  of a. single quark. Then the W ilson loop function will obey a 
perim eter law, W { C )  =  exp (p (C)Es ) ,  where p { C ) is the perim eter of the 
loop. This behavior actually  persists even in the strong-coupling or confining 
phase of the theory, bu t there it is dom inated by the area law dependence.
In pure U( 1) lattice gauge theory the value of the  param eter 3 in the 
action determ ines which phase the theory is in [17,30]. At zero tem peratu re  
there are two phases, confined and  deconfined, which are separated  by a  weak 
first o rder phase transition  at /? ss 1 [32]. The pure S U ( 2) [13,31] theory 
has only a  confined phase a t zero tem peratu re, whereas bo th  phases exist 
at non-zero tem peratu re , separated  by a second order phase transition  a t a 
3  value depending on the  system  tem perature. We m ention in passing th a t 
sim ulating a lattice  gauge theory a t a  finite tem peratu re  is done by taking 
the tim e extent of the lattice  to be much sm aller than  the space extent. T he 
lattice tem pera tu re  is then l /(a A r, ). where N t is the tim e extent of the lattice
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If dynam ical ferm ions are in troduced  on the  la ttice, the W ilson loop func­
tion is no longer a  reliable ind ica to r of confinem ent or deconfinem ent. T h is is 
because, beyond a  certa in  in te rquark  separa tion , there  is enough energy sto red  
in  the  flux tube  to create ano ther q u ark -an tiquark  pair from  the  vacuum , so 
th a t the  W ilson loop now represents two m esons instead  of two quarks.
We now discuss briefly the  continuum  lim it of la ttice  gauge theories 
[27,28,34]. At the end  of the calculation we m ust take the  la ttice  spacing 
a to zero to recover continuum  physics. T he naive con tinuum  lim it, which 
consists of sim ply tak ing  the  lim it a —> 0, will n o t suffice. For one th ing , there  
are m any  choices of la ttice  action  which have the  sam e naive con tinuum  lim it, 
b u t need no t lead to the sam e continuum  physics. T he correct way to  take 
the con tinuum  lim it is to ensure th a t physical observables rem ain  finite in the 
lim it of zero la ttice  spacing. However not all theories possess a  con tinuum  
lim it. Suppose our physical observable is m ass, m . T his is p ro p o rtio n a l to the 
reciprocal of the  correla tion  length , so th a t the  sm allest m ass gives the  largest 
corre la tion  length . Now the  m ass as m easured  on the la ttice  will be in la ttice  
un its . T he  physical m ass is — (miatt/o-)- So as a —► 0, so m ust miatt-
if rnphy3  is to  be finite. T hus the  correlation  leng th  m easured  in la ttice  un its  
m ust diverge. So la ttice  functions th a t diverge as a —* 0 are likely to  represen t 
physical quan tities  in the  continuum  lim it. Hence, a  con tinuum  lim it exists 
for the  theory  in question only if it has a  critical region in its p a ram ete r space 
w here the  correla tion  length  diverges. R enorm alization  group techniques can 
be em ployed, as in s ta tis tica l m echanics, to  s tudy  the critical behavior of the
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la ttic e  gauge theory.
T h e  im position  of the  condition  th a t physical observables m ust be finite in 
the  lim it a —> 0 in troduces a  scale, in  term s of w hich physical qu an titie s  can  be 
m easured . T h e  only p a ra m e te r in  the  la ttice  gauge theory  is the  climensionless 
b a re  coupling  <70- T h e  co rre la tion  leng th  will depend  on th is coupling. At 
som e g =  </', the  co rre la tion  leng th  will diverge, if the  theory  has a  con tinuum  
lim it. We will see th a t the  scale in tro d u ced  from  ou tside  m ust be re la ted  to 
<7o- Let th e re  be a  physical observable .4 w ith  d im ension  d in un its  of m ass. 
Let. its  co rrespond ing  la ttice  variable be A i ati, which ca.n d epend  only on g0. 
If a  co n tinuum  lim it exists, then  the  correctly  d im ensioned la ttice  variable 
A i at t (go,a)  =  ( l / a ) dAt„u(go)  m ust have a  finite lim it as a —> 0. T h is  is only 
possib le if g0 depends on a. A i att(go(a), a) —> A pfiys as a —» 0. As A u t t  
approaches -4 ,,/,^ , go{a) approaches g ' , th e  value co rresponding  to the  critical 
po in t.
How do we e x tra c t the  dependence of #0  on a?  We go to a la ttic e  w here a is 
as sm all as is p rac tica lly  feasible an d  know ing A pily3, we use our m easurem ent 
of Aiatt  m id the  equation  A pi,y3 = ( l / « ) rf-4/(tu(</o ) to de te rm in e  go as a  function  
of aSl ! d\  N ote, however, th a t a lthough  the  form  of go{ci) will depend  on the 
physical observable being  considered w hen the  la ttice  spacing  is finite, there  
should  em erge, a t sm all enough a, a  un iversal func tion  go{ci) th a t  renders  all 
observables finite.
In  the  case of Q C D , the  form  of th is function  can  be derived  if we ignore 
dynam ical ferm ion effects. We ou tline  th is derivation  below. Since the  form  of
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go{a) is independent of the particu la r physical observable being considered, let 
us use the in terquark  potentia l V.  At a finite lattice spacing a, the correctly 
dim ensioned poten tia l on the lattice is:
V ( R , g 0,a) = — ,</o), (2.2.4)a a
where R  is the in terquark  separation. As the lattice spacing decreases, the left 
hand  side should become independent of a and approach a finite value. This 
condition can be w ritten  thus:
9 a  * d a ~ p{g o)- V( R,  a,go) = 0, (2.2.5)'da u , dg0 _
where /?(</o) =  —adgo/da  is known as the Callan-Sym anzik j3 function. This 
is the renorm alization group (RG ) equation. Now we see th a t if we know the 
functional form of the b e ta  function, we can determ ine go{a). The question 
then, is to find the form of the be ta  function. This can be done approxim ately 
by pertu rb a tio n  theory where, to every order, the RG equation m ust hold.
By sum m ing relevant pertu rb a tiv e  diagram s th a t contribute to  the  po­
ten tia l to order (</o)4i we find:
C
V ( R , g Q,a)  = ( d o  + ( ^ ) U j o ) 4 l n ( - )  +  O { g 60 ) )  . (2.2.6)
\  lD7T“ ci J47rR_
Inserting this into the RG equation, we obtain the pertu rbative  be ta  function 
to lowest order:
This should be applicable if the coupling is sufficiently small. The negative 
sign means (from the definition of the be ta  function) th a t as la ttice  spacing
is decreased, so is go, an d  in fact, go is driven tow ard a fixed p o in t go* = 
0, co rrespond ing  to a  zero of the  b e ta  function . T hus the  con tinuum  lim it 
co rresponds to vanishing bare  coupling, or asym pto tic  freedom .
In teg ra tin g  equation  (2.2.5), we o b ta in  a. re la tion  betw een a and  go:
a =  {~r~ )R{(Jo )i (2.2.7)A l
( ____ L-J-
w here R(go) =  e i2l}osa) in the  lowest o rder, 3o — 1 1 / 167T2 an d  is an 
in teg ra tio n  co n stan t w ith  th e  d im ensions of m ass. So fa r we have only con­
sidered  the  lead ing  te rm  in the  b e ta  function  expansion. T h is te rm  describes 
the  behav io r of the  theory  n ear the  fixed po in t.
For the  region n ear the  fixed po in t, go close to  g£, (close to the  con tinuum  
lim it, since as go decreases so does a) we have:
A la„ — A,)liy, a d — C ( R ( g 0 ))d. (2.2.S)
Here C  is a  d im ensionless co nstan t. T h is behavior is referred  to as asym pto tic  
scaling. O n a  fin ite  size la ttice  th e re  will exist a  lim ited  region - a scaling 
w indow  in coupling  co n stan t space - w here physical q u an titie s  will exh ib it 
th is  behavior. If go (an d  consequently  a) becom es too sm all, fin ite size effects 
com e in to  p lay because one canno t m ake the  la ttice  a rb itra rily  large. If go 
becom es too large, the  la ttice  will becom e insensitive to flu c tu a tio n s  sm aller 
th a n  a. T ab le  4 shows 3  as a  function  of a for S U ( 2) la ttice  gauge theory.
T hu s, w hen perform ing  a calcu lation  on the  la ttice , we shou ld  ensure
th a t  the  physical leng th  scale is m uch sm aller th an  the linear ex ten t or size of
Table 4: a(/3) for SU(2) Lattice Gauge Theory
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2.22
T30
2.40
2.50
0.19S1 (61) 
0.1616 (47) 
0.1210 (05 
0.0S43 (OS)
the lattice, while keeping a small enough so tha t we are reasonably close to 
the continuum  limit. However, C'reutz [35] successfully showed (via a num er­
ical calculation) th a t the string tension in SU(2) lattice gauge theory obeys 
asym ptotic scaling, even for lattice sizes as small as 104.
2 .3  M o n te  C a r lo  M e th o d s
We present here the m otivation for a  com putational approach to this problem  
and outline the num erical m ethods used. Consider a  four-dim ensional lattice 
consisting of 104 sites. There are four times as m any link variables and in 
com puting the average of any physical quantity  we m ust in tegrate over all of 
them . Each link variable is a m atrix , defined by three real param eters if the 
theory is S U{ 2), or eight if we are sim ulating S U ( 3). Thus, depending on the 
group, we are perform ing 120,000 or 320,000 integrations.
Perform ing these integrations through standard  num erical integration 
techniques is obviously out of the question. S tatistical m ethods are required. 
Also, we should take advantage of the fact th a t not all configurations of the 
link variables U are likely to contribute significantly to the integral. This 
is because configurations are Boltzm ann-weighted in the partition  function. 
Thus we need an im portance sam pling technique which will not waste time
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on u n im p o rtan t configurations.
We will begin by describing, in the m ost basic term s, the essence of 
the  M onte C arlo m ethod [36]. It is a. num erical technique for doing m u lti­
dim ensional in tergrals using random  num bers. As a  simple illu stra tion , con­
sider the one-dim ensional in tegral of a  function f ( x )  shown in Fig. 2.3. Ac­
cording to a theorem  of calculus, th is in tegral is determ ined  by the average 
value of the in teg rand  in the  range a < x  < b (0 <  x  <  1 in our exam ple). 
To determ ine this average, we choose n  random  num bers as the ,r values, x t . 
uniform ly d is trib u ted  in the interval [a,&] and  then  sam ple the value of f {x ) .  
T hen the M onte Carlo estim ate  of this in tegral is
1 "
F„ = { b -  a) < f  >=  (b -  a ) -  V '  f { x i )n  z—'i = i
w here n  is the num ber of trials. It can be shown th a t the error associated 
w ith  a  M onte C arlo resu lt is
a
® m =  7=,
y/n
where a  is the  variance, a  =  ( f 2) — ( f ) 2. T he advantage of this m ethod  over 
o ther num erical in teg ra tion  techniques is th a t the  error is independent of the 
dim ension of the integral.
T he above naive in tegration  technique can be im proved by using the no­
tion of im portance  sam pling. As can be seen from  the g raph  of the  function 
/ ( . r) in our exam ple, the  dom inant contributions to the  in tegral are concen­
tra te d  in a  p a rticu la r range of the abcissa. It would be m uch m ore efficient if 
our random  variables .r,- were also concentrated  in th a t range. T his m eans th a t
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F igure 2.3: D em onstrating the Basics of the M onte Carlo M ethod
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in stead  of being uniform ly d is trib u ted , the .r; should  be d is trib u ted  according 
to  a  su itab le  non-uniform  probab ility  d is trib u tio n  p ( x ) .
[  p ( x ) d x  =  1 
J a
T hen  our in tegral m ay be rew ritten
T? [ b , , . / ( * )F = dxp( x ) — - ,
Ja Pi*)
w hich can be evaluated  by sam pling  according to the p robab ility  d is trib u tio n  
p( x ) so th a t the M onte C arlo average is
i
n  P(Xi )
We choose a  form  of p(x)  which m im ics f ( x )  w hen f ( x )  is large. T h is ensures 
th a t the  in teg rand  is slowly varying and  th u s  the  variance a  is reduced.
O n the la ttice  we are in terested  in com puting  averages of physical observ­
ables
f r f $ 0 e " s l*l - © ie -Si
<■ 0  ■> =  —----------------------- ~  1----------------------------  (9  3 11
X u I i e_S ' '
w here N  is the  num ber of configurations. We use an im portance  sam pling 
procedure by choosing configurations according to  a  p robab ility  d is tribu tion  
function  lit . We will average over N  configurations of a  b iased sam ple so we 
m ust weight each configuration by l/II,- to e lim inate  the bias. T hen  the  M onte 
C arlo estim ate  of the  observable is
< 0  > =  Y  (2.3.2)St St R >
One possible choice is the B oltzm ann factor itself.
e-s.-[0 ]
E f e i  * -* [♦ ] ’
so th a t
1 N
< 0 > ^ i v 2 Z 0 1 - (2-3-3)j= i
This choice of II ,• is due to M etropolis, et al. [37].
T he secpience of steps in a. M onte Carlo sim ulation for lattice gauge theory 
is as follows:
• S ta rt w ith some initial configuration. For exam ple one could s ta r t ;cold’, 
w ith all link m atrices set to the identity.
•  Make a random  change in th a t configuration. Accept or reject the change by 
using one or m ore of the M etropolis, heat b a th  or overrelaxation algorithm s 
which will be discussed below. These ensure th a t the sequence of generated 
configurations obeys the desired probability  d istribution .
• Once the change has been accepted in the t-th  configuration, com pute ©,. 
At the  end of the calculation, com pute the average, <  O > =  Q i ) / N .
The configurations in this sum  constitu te  a M arkov chain, which is a  
sequence of sta tes such th a t the transition  probability  for going from one s ta te  
to ano ther is independent of all states except the im m ediately preceding one. 
T he properties of M arkov chains ensure th a t the (com puter) tim e average 
(O )approaches the ensem ble average w ith a  s ta tistica l uncertain ty  of order
3S
We now dismiss briefly, each of the three algorithm s for generating con­
figurations d is tribu ted  according to the B oltzm ann weight.
The Metropolis Algori thm [2S,37]:
Having s ta rted  w ith some initial configuration of link m atrices, say [£'], we 
m ake a  change to a  trial configuration [f/]', which is selected w ith an a rb i­
tra ry  p robability  d is tribu tion  Pr.u{U' ) .  T his change is accepted w ith  the 
conditional probability
In p ractice  this am ounts to selecting a random  num ber r uniform ly d istribu ted
is not satisfied then the trial configuration is rejected and  the old [£f] retained. 
T he m anner in which we choose a tria l configuration [U\  is by m ultiplying
a  p robab ility  d is tribu tion  peaked around  the  identity , w ith  equal probabilities 
for h and  h ~ l . T he advantage of this m ethod  is th a t, by sym m etry,
w ith the  random  num ber r. This procedure is carried out a t every site, and
P T , U ' ( U ) e x p ( - S ( U ' )P a = niin l . (2.3.4)
betw een 0 and 1. T he new configuration is accepted if r <  P 4 . If this condition
each m em ber U of the  old configuration [Z7] w ith a  group elem ent h which has
P t M U ' )  = Pt ,U'{U) (2.3.5)
sim plifying the  above acceptance condition to
Pa  =  miii 1 ,
In effect, then , we com pute the change in the action, A S  and com pare eAS
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considering all sites of the lattice in this way is referred to as one sweep. We 
show th a t by following this procedure, the probability to find a configuration 
[J7] after N sweeps is
P N(U)N^ ? e - s M
Let W ( U a —» Ut)) be the transition  probability  for going from configuration
Ua to configuration Ub- Then the probability of finding a configuration [U]
after N  +  1 sweeps is,
P n +i (U) = J 2  W ( U ‘ -  U)PN (U')  +  [1 -  J ]  W ( U  -  U')]PN(U)
[uy [uy
= P N {U) + Y ^ [ P n ( U ' ) W( U'  -» U) -  P N ( U ) W ( U  -  U'))
[uy
If the probability d istribution is stationary  then the condition of detailed bal­
ance is satisfied.
P N {U' )W{U'  -> U) =  P N ( U ) W ( U  -» U')  (2.3.6)
and Pyv+i(Lr ) =  P t\j{U). The transition  probability  is chosen as 
W ( U ^ U ' ) - ! 1 , S { U ) > S ( U ' )
{U ^  U ) “  \  e 5W ' ) - S ( L 0  S { U )  < S{U>)
W{U'  -* U)  _  [5(C/)_s(t/')
W ( U  -> U')
=> P n ( U)  o c  e ~ S(U)
Care has to be taken to im plem ent this algorithm  correctly so as to avoid 
correlations between configurations, because the configurations in the Monte 
Carlo average m ust be statistically independent. To ensure th a t this is so. we
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discard a num ber of intervening configurations between m easurem ents. The 
num ber of configurations to discard is determ ined by calculating the au to ­
correlation betw een configurations separated  by intervals of 0 ,1 ,2 ,3  etc. The 
au tocorrelation  betw een the ith  and  j th  configurations Ui and  Uj respectively 
is defined as
(c i+Je , ) - ( c y
( U i U i ) - ( U i ) 2
which is 1 w hen i = j .  W hen i and  j  are independen t, D ( j ) =  0. In our 
sim ulation, we use
D U ) = < U ' j U i > ,  (2.3.8)
where U, is the la ttice  link variable defined in section 2. However, generating 
independent configurations is particu larly  difficult near a  second order phase 
transition , w here the correlation length  becomes very large. T his is called 
critical slowing down. If the  system  contains m etastab le  s ta tes , the  algorithm  
m ay find one such s ta te  instead  of the equilibrium .
The Heat Bath Algori thm [3S]:
We discuss this only briefly, as our sim ulation does not use th is m ethod. This 
is a  special case of the general M etropolis algorithm . T he trial configuration is 
chosen random ly from  the group manifold, b u t w ith a weighting proportional 
to the B oltzm ann factor. T hen the term s in the acceptance criterion  (equa­
tion  2.3.4) reduce to  1 and  the  change is always accepted. T he nam e of this 
a lgorithm  refers to the fact th a t it is equivalent to successively taking each 
link variable and p u ttin g  it in contact w ith a therm al bath .
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The Overrelaxation Algorithm:  [3S]
A gain, this involves a  different, m ethod of choosing a trial configuration [U]'. 
Let U'  be an elem ent of this configuration, corresponding to a p articu la r link. 
Assum e we have some group elem ent Uq which approxim ately  minim izes the 
action 5[(7], and which is also not directly  dependent on the  current link 
variable U . T hen  construct the tria l elem ent U'  thus:
U' = UQU ~ l UQ. (2.3.9)
T his also satisfies the sym m etry  re la tion  equation  (2.3.5). This elem ent is 
accepted or rejected as usual by com paring the  change in the action w ith 
a  random  num ber uniform ly d is trib u ted  betw een 0  and  1 , as described in 
the section on the M etropolis m ethod. One advantage of the oveiTelaxation 
m ethod is th a t the tria l elem ent is ra th e r far from  the old elem ent in phase 
space, w ithout m uch energy penalty. T his decreases the  correlation between 
successive la ttice  configurations and ’shakes u p ’ the  system  so th a t the  chances 
of ending up in a  local ex trem um  are less. In the case of 517(2) and (7(1) 
la ttice  gauge theories th is overrelaxation m ethod  preserves the value of the 
action, and hence m ust be a lte rn ated  w ith M etropolis or o ther action changing 
algorithm s.
C H A P T E R  3 
A D U A L L O N D O N  EQ UATIO N FOR U ( l )  LGT
3.1 London Equation and Fluxoid Quantization
We will first set the stage for a  discussion of the dual superconductor m odel for 
17(1) la ttice  gauge theory, by study ing  flux tu b e  form ation in superconductors, 
as a pream ble to constructing  the  analogy. Before vve discuss th is let us estab ­
lish ou r units. We will use Lorentz-H eaviside un its  th roughou t C h ap ter 3 and 
4 for continuum  equations of electrodynam ics and  its dual version. A lthough 
the speed of light, c, appears in  these expressions, in actual calculations we 
will set c =  1. Q uantities m easured on the  la ttice  are dim ensionless.Physical 
quantities m easured on the la ttice  m ust be given the correct dim ensions by 
using ap p ro p ria te  factors of the  la ttice  constan t a. T hus a  q u an tity  w ith  the 
dim ensions of length  in the continuum , m ust be m ultip lied  by a, while a  quan­
tity  w ith  th e  dim ensions of m ass in the  continuum  m ust be m ultip lied  by 1/a  
in order to  have the correct physical units.
T h e  basic properties of a  superconductor axe its perfect d iam agnetism  
and  its  perfect conductivity. These cause a  superconducto r to exclude from  
its in terio r any ex ternal m agnetic field, a phenom enon known as the  M eissner 
effect. T he  first a tte m p t to  describe these p roperties was m ade by F. and  H. 
London [26] in  1935. T hey  w rote down two rela tions betw een the  m icroscopic 
electric and  m agnetic fields:
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and
B  =  —cV x ( \ J a) (3.1.2)
w here A =  (A f j /c 2 =  m / ( n se2 ). Here m , e and  are respectively the  m ass,
charge and  num ber density  of the superconducting  charge carriers. A^ , is the
London p en e tra tio n  d ep th , whose significance can be und ers to o d  by com bining 
equation  (3.1.2) w ith the  M axwell equation
V x B  =  -  (3.1.3)
c
which gives us
A; 2^L
T his  im plies th a t the m agnetic  field p en e tra te s  in to  the  superconducto r, and  
decays exponentially  over the  charac te ris tic  leng th  A/,.
T he justifica tion  for the  London theory  was given by F. London as follows. 
A ccording to  a. theorem  due to  Bloch, the  ground  s ta te  w avefunction for the 
superconducting  charge carriers will have zero net canonical m om entum  p, 
in  the  absence of an  applied  field. Since p  = m v  +  A e / c , (w here v is the 
velocity of the  superconducting  partic les and  .4 is the vector p o ten tia l for the 
ex ternal m agnetic  field) th is leads to  an  expression for the  average velocity of 
the  superconducting  charge carriers in the  presence of the  field,
—eA
m e
if we assum e th a t B loch’s theorem  also applies w hen the  ex ternal field is 
presen t. So in a sense we are im plying th a t the  w avefunction is 'r ig id ’, m ain ­
ta in ing  its g round  s ta te  form  in sp ite  of the  field. T he sup ercu rren t density  is
T his contains b o th  the London equations (3.1.1) and (3.1.2). as can be seen 
by taking its tim e derivative and  its curl. T he value of n 3 is not determ ined 
from  this theory. If n  is the the to ta l num ber of charge carriers in the su­
perconductor, then  a t tem p era tu re  T  =  0, it is expected th a t n a =  n,  and 
as T  approaches the  tem p era tu re  Tc for the superconducting-to-norm al phase 
transition , n a is expected to drop continuously to zero. At T  =  0 then  we 
expect th a t the London pen etra tio n  dep th  is
/  m c2\
A t(0 ) =  U ? J -
However experim ental results show th a t the ac tua l pen e tra tio n  d ep th  is always 
larger th an  A^(0), even after ex trapo lating  to T  =  0. T h is m eans th a t even 
a t T  =  0, n s <  n.  A nother assum ption  of the  London theory  is th a t the 
pen e tra tio n  d ep th  (and  therefore n a) is independent of the  applied  m agnetic 
field. However experim ent indicates th a t the pen e tra tio n  dep th  increases w ith 
m agnetic field, so the London theory is essentially a  weak field theory.
London also in troduced  the  concept of the fluxoid, which is defined as
\2 r  ^
cf)' =  0 + <h J a ■ dl, (3.1.5)
where 0  = f  B  ■ ds = f  A-  dl is the  o rd inary  m agnetic flux th rough  the surface
enclosed by the in teg ra tion  p a th . T he fluxoid is zero for a p a th  th a t encloses
only superconducting m aterial, by virtue of equation (3 .1 .2). However if  the
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p a th  encloses a hole, it is easily seen th a t the fluxoid m ust be a  constant. In 
fact it is quantized, which cannot be shown from a classical theory like the 
London theory.
W hen the superconductor contains a vortex, the London equations can 
be modified to take the presence of the core in to  account, thus:
A2
c -V x J s +  B  =  ~<f>'6o{f), (3.1.6)
where the vortex is assum ed to lie along the r  axis and So(r) is a  two- 
dim ensional de lta  function in the x — y  plane. W ith  the Maxwell equation
(3.1.3), this becomes
v 2 - b - ^  =  5 ^ h 2 (F),
which has the exact solution
B{r)  =  ^ 7tA'o(/VA). (3.1.7)
Lir  A “
Here A'o is a zero-order Hankel function of im aginary argum ent. This solution 
has the form e ~r! x J s/r for r —*• co.
3.2 Application of the dual London Theory to U( l )  L.G.T.
Let us now a ttem p t to apply ideas from the theory of superconductiv ity  just 
discussed, to £7(1) la ttice gauge theory and quark confinement. Since the 
theory of strong interactions is quantum  chrom odynam ics, why do we even 
consider a U (l) gauge theory, which describes electrodynam ics, in connection 
w ith quark confinement? T he reason is th a t unlike its continuum  counterpart, 
U (l)  la ttice  gauge theory has two phases. At low values of d (see C hapter 2.
4G
section  1 ) or, equivalently, a t high coupling, there  is a  confined phase  where 
the  p o ten tia l betw een ‘q u a rk s’ is a  linear function  of th e ir sep a ra tio n , which 
is q u a lita tiv e ly  sim ilar to  the confined phase of the  SU(3) theory. A weak first 
o rd e r phase  tra n s itio n  occurs a t $  ~  1 .0 , a fter w hich there  is a  deconfined 
phase , in w hich the  ‘q u a rk s’ in te rac t w ith  a  C oulom b-like p o ten tia l. (T his 
phase  reduces to e lectrodynam ics in the con tinuum  lim it). T h u s we can study  
U ( l)  la ttic e  gauge theory  as a  p ro to ty p e  of confinem ent. Also, it is sim pler 
a n d  co m p u ta tio n a lly  less tim e consum ing to sim u la te  a U ( l)  gauge theory  
on a  la ttice , com pared  to an SU(N) gauge theory. However, there  is also a 
deeper reason , nam ely  th a t  in the SU (N ) theories, the  confinem ent m echanism  
is expected  to becom e tra n sp a ren t in a  p a rtic u la r  gauge, in  w hich the  non- 
A belian  theo ry  resem bles a  £7(1)^ 1 -fold A belian  theory , as we will discuss in 
d e ta il in  C h ap te r  4. T h u s techniques used in th e  s tu d y  of U ( l)  la ttice  gauge 
theo ry  can be easily ex tended  to the  SU(N) case.
We have m en tioned  earlier th a t  the real te s t of the  dua l su perconduc­
to r hypo thesis  is to m easure  the response of m onopoles to  th e  presence of a  
s ta tic  q u a rk -an tiq u a rk  pair. So far, a tte m p ts  to  test th is  response have been 
unsuccessfu l, m ain ly  because it was no t know n how to  devise an  a p p ro p ria te  
co rre la tion  func tion  th a t would m easure  it. We will show below  th a t  the cor­
rec t in d ica to rs  are  the  term s in the dua l version of th e  L ondon re la tions for 
a  su p erco n d u c to r, i.e. the  la ttice  equivalent of th e  electric  field an d  the  curl 
of th e  m onopole  cu rren t. If they  obey a  dua l London re la tio n  th en  we have a 
d u a l M eissner effect an d  ‘q u a rk s’ are confined.
Ju s t as a moving electric charge produces a m agnetic field, so a moving
m agnetically  charged partic le  will p roduce an  electric field. T h is results from
the  invariance of M axwell’s equations under the  duality  transform ations. T he 
electric field E  produced by m agnetic m onopole currents J \ j  will obey a  dual 
version of A m pere’s law:
—cV x E  = J\[.  (3.2.1)
We show below th a t the M eissner effect appears because a dual version of the 
London equation  holds betw een the field and the m onopole curren t, of the 
form
E = — V x j l , .  (3.2.2)
c
T he above two equations resu lt in the electric flux being confined to a region 
of size A, which is the ’’London penetra tion  d ep th ” for the electric field. It 
arises from  the equation
V 2E  =  — .
A2
O ur system  is a  four-climensional hypercube in Euclidean space, w ith 
skew- periodic (or helical) boundary  conditions. (7(1) gauge group elem ents 
Ufi(n) are  defined on the links, where n labels a  site from  which the link 
poin ts in a  positive direction /.i. We use the fact th a t Ufl(n) — exp (iae9fl(n))  
in expressing the s tan d a rd  W ilson action (in troduced  in C hap ter 2) in term s 
of these angular variables:
S  = /3 J 2  [ l - c c « ( 0 , ,„)(»•)] (3.2.3)
r, /i > v
4S
w here c.vp[i$liu(r)] =  Ut,{r)U„(r +  /.i)Uft (r +  v ) Ul ( r )  is an oriented p roduct of 
gauge variables around an elem entary plaquette . T he static  quark-an tiquark  
p a ir is represented by a W ilson loop chosen to lie in the  z — t plane.
We m easure the com ponent of the electric field parallel to the  qq axis a 
d istance r from  the axis via the correlation:
„ _ (sui(9w)s m(6p{f))\
£ ( ’ > =  2 • ^3-2-4 ) aze(VV)
H ere 6W is the the W ilson loop angle, the argum ent of the  p roduct of link 
variables taken around  the loop. 6t) is sim ilarly defined for the  p laquette  and 
is sh o rt-hand  no ta tion  for 0ltl/ m entioned in the previous parag raph . It can 
be shown th a t in the naive continuum  lim it this corresponds to the average 
value of the field tensor F,lt/. To understand  th is, consider the average,
f [DV]
J[dU]e‘ewe 5
R ecalling from  chap ter 2 th a t in the naive continuum  lim it the p laquette  e‘0p 
becom es ss e‘e<dF,,,,  ^ so th a t sin(0;,) ~  F tLU and  1 — cos(#p) ~  F ^ u, we can see 
th a t our correlation  function £{r)  does indeed correspond to  F tl„. T he factor 
of a 2 in (3.2.4) is inserted  to give £{r)  the correct un its. We do not actually  
su b s titu te  for a for a  x-eason th a t will be seen shortly.
T he W ilson loop is fixed in the lattice  while the  p laquette  moves ai'ouncl 
it like a test charge, sam pling the field due to the  qq p a ir a t various distances 
from  the  axis. If the p laquette  o rien ta tion  is in the  z — t plane, it represents the 
parallel com ponent of the electric field (because it corresponds to the (3 ,4 )th
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elem ent of the Euclidean field tensor FIIU ). We are for the  m om ent focusing on 
th is com ponent alone, as earlier studies [13,14] show th a t it is the dom inan t 
co n trib u tio n  to the energy density.
Before we discuss the  correlation  function  th a t  corresponds to  V x J ju , 
we discuss how m onopole cu rren ts  are detected  on the la ttice. We use the 
D eG rand-T oussian t p rescrip tion  [17], which uses G au ss’s law to locate the 
color-m agnetic flux, if any, th rough  an  e lem entary  cube of the  la ttice. In 
la ttice  u n its , th is is,
B  ■ d s  =  —  Y 2  d s a € a b c ^ [ V b B c  -  V c 0 b ] =  ^ 2  O p -
p t c u b e  p ( z c u b e
T he fac to r e,„ =  (27r)/e is the  m agnetic  charge, an d  the  term s V& and  V c 
are la ttice  finite differences, defined at som e site n  for instance , as Vi)9c(n) — 
8c{n +  b) — 8c(n),  w here 8C is the  link angle an d  the argum ent of the  group 
elem ent. Also, p  ind icates a p laquette  belonging to the  elem entary  cube, and 
9p is the angle corresponding  to  such a  p laquette . Im posing the  requirem ent 
th a t B  ■ d s  should be periodic in 27t, we m ust ad ju st any p laq u e tte  angle 
exceeding the range — it < 0 <  n by a  facto r of 2mr  to  b ring  it back w ith in  
the  range. We m ay w rite  such a p laq u ette  angle 8,, =  6,,u +  2 m l /LU. Here 8IUJ 
rep resen ts physical fluc tuations in  the  range — ir to  7r, and  the  second term  
represen ts D irac strings carrying 2 tr un its  of flux, w ith  n /(„ the  num ber of 
D irac strings passing  th rough  the  p laquette . A fter th is ad ju stm en t, if B  ■ d s  
is no t zero, we have detected  a m onopole cu rren t segm ent in the  direction 
o rthogonal to the 3-space of the elem entary  cube. T hus the /rth  com ponent
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of the current at x  is given by:
=  eiti/afj^  ^ 9afj(x). (3.2.5)
where we have redefined 9afj  to be the physical p laquette  angle in the range 
—7r to 7r. T his is again in lattice  units. If the net cube angle is not zero, 
there is a monopole current a t x. A topological conservation law holds for the 
m onopole currents,
d , J ^ x )  =  0, (3.2.6)
so the currents form closed loops.
M onopole current loops can best be visualized on the dual la ttice [29], 
form ed by associating a  cube in the original la ttice  w ith a  link, a site w ith a 
hypercube, a  p laquette  with another p laquette  oriented a t right angles to the 
original, and  also vice versa. This is a m apping onto a la ttice  w ith integer 
variables (which are m ultiples of m agnetic charge em). T hus a cube on the 
original la ttice which has a  net flux of em is associated w ith a  link on the dual 
la ttice w ith a  value of em, representing a monopole current density. A dual 
link poin ting  in the opposite direction carries a  current of — em, and a dual link 
w ith value zero would correspond to a  cube in the original la ttice  enclosing 
zero flux. F igure 3.1 shows the correspondence between a cube in the original 
la ttice and  a link in the dual lattice, and also, the correspondence between a 
set of four adjacent cubes on the original la ttice and a  1 x 1 m onopole current 
loop on the dual lattice. Not all faces of the four cubes are shown. The 
directed m onopole current loop, which is the dual p laquette, represents the
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line integral of the current density J  m  around the elem entary square. It can 
have a value between —4 and 4 (in units of e,„) depending on how m any of 
the four cubes in the original lattice are found to enclose m agnetic flux.
Further, we evaluate the curl of the monopole current density J. \ i . The 
n th  com ponent of the curl of the current is defined as V(,./c — V cJb- We 
identify this w ith the dual plaquette ju s t discussed. Strictly speaking, since 
the dual plaquette is the line integral §  J  • dl of the current density, it is equal 
to J (  V x J)  ■ ds. By identifying the line integral w ith the curl, we are making 
the approxim ation th a t V  x J  is a  constant w ithin the area a2 enclosed by 
the p laquette. We associate the center of the plaquette w ith the location of 
V x J .  We m easure the lattice average of the absolute value of this curl as a 
possibly useful bulk property  of the vacuum:
A nother bulk property  of the vacuum that we also m easure is the monopole 
perim eter density, defined as the to tal length of all the m onopole current loops 
in the lattice:
where V  is the lattice volume. p,n was first m easured by D eG rand and Tou- 
ssaint, who found th a t in the confined phase, pm was large and /3-dependent 
and fell rapidly at the onset of the weak first-order phase transition  a t «  1 .0 . 
This was the first h in t th a t monopoles may be relevant to confinement.
So far we have talked about properties of the monopole current in the 
vacuum. In order to test the dual London theory on the lattice, we m easure 
the curl of the m onopole current density in the presence of the W ilson loop.
(3.2.7)
(3.2.8)
Original Lattice Dual Lattice
oc
Figure 3.1: Correspondence Between Original and D ual Lattice
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In la ttice  un its  th is is
(j}in(0w ) ( V  x  J.u ))
(17)
To give th is  the  correct dim ensions for the curl of a cu rren t we divide it by 
a4. T hus the  curl of the  cu rren t in the  presence of sources is:
/ v7 w t  \ x  J m )) , n n(V  x J M ) W  ----------------------  . (3.2.9)
Since the  p en e tra tio n  d ep th  A is to be m ultip lied  by cr to give it the  correct 
un its , we see th a t  the  la ttice  version of the London equation  in term s of the 
correlations (3.2.4) an d  (3.2.9) reads the sam e as the  continuum  equation .
(sin(0u, ) sin (^ /,(vr ))) 2 (s in{9w )( V x J M ))
d 2 e ( W )  ~  a  '  a 1 (17)
We need n o t su b s titu te  for a anyw here in th is analysis. All m easured  q u a n ti­
ties are in u n its  of powers of a. As in the  case of (3.2.4) the W ilson loop is fixed 
in the  la ttice  while a  dua l p laq u e tte  sam ples the  region a round  it. We restric t 
the  o rien ta tio n  of the  dual p laquette  to the  dual x  — y p lane, o rthogonal to 
the  p lane of the  W ilson loop (.c — t),  since ou r early  calcu lations showed th a t 
th e  dom inan t signals ap p ea r in th is p lane, as we expect from  the  geom etry  of 
the  problem .
3.3 R esults
O ur sim ulations are perform ed on a 93 x 1 0  la ttice  using skew- periodic (or 
helical) b o u n d ary  conditions. Less extensive work on a 73 x 8  la ttice  yields 
sim ilar resu lts  except for the expected increase in s ta tis tica l fluc tuations a ris­
ing from  the  sm aller la ttice  size. T he W ilson loop is of size 3 x 3  an d  lies in 
the  z — t plane. We fix the  tim e slice to be th a t a t the  center of the  loop. We 
m easure the  electric flux and the curl of the m onopole cu rren t density  in the
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transverse  (.r — y) p lane m idway between the quark-an tiquark  pair, as shown 
in F igure 3.2. This p lane has dim ensions of 9 x 9 in lattice units.
A s tan d a rd  M etropolis algorithm , a lte rnated  w ith overrelaxation is used 
to  generate  U( 1 ) configurations. In the confined phase, we therm alize for 
1 0 , 0 0 0  sweeps, after which we sam ple the data, every 1 0  sweeps for a  to ta l of 
7000 m easurem ents, which are then  binned in groups of 5. In the deconfined 
phase, only half as m any m easurem ents are necessary since the fluctuations 
are m uch sm aller. Because of the geom etrical sym m etry  of the m easurem ents, 
only the  z-com ponents of (£) and (V x J m ) are non-zero. If the  W ilson loop 
is rem oved, even the z-com ponents average to  zero so the response we observe 
is clearly induced by the presence of the qq pair.
We first sum m arize our m easurem ents for the bulk properties of the vac­
uum  in Table 5. We m easure the 3 x 3  W ilson loop, TT(3,3), the p laquette  P ,  
the  m onopole perim eter density p m and the  absolu te value of the curl of the 
m onopole curren t, |V  x
Table 5: Bulk P roperties of the  17(1) Vacuum.
3 W (3,3) P Pm V x J m
1 .1 0.203S3 (32) 0.71665 (13) 0.01312 (6 ) 0.05164 (25)
0.99 0.01701 (24) 0.56661 (35) 0.1179 (3) 0.4399 (10)
0.97 0.00S4S (S) 0.53659 (14) 0.1422 (2) 0.52396 (42)
0.95 0.004SS (6 ) 0.513S3 (9) 0.16022 (S) 0.5S466 (28)
0.90 0.001S1 (S) 0.46954 (13) 0.19449 (11) 0.69466 (37)
Now consider the correlation (3.2.3). F igure 3.3 shows the electric flux 
d is tribu tion  for 3  =  1.1, w here the vacuum  is in the deconfined phase. T he 
broad  fiux d is tribu tion  seen is sim ilar to the  clipole field for two classical 
charges of opposite signs.
IFigure 3.2: T he M easurem ent Plane Relative to the qq Pair
We also m easure the to ta l electric flux in four ways which are com pared 
in Table 6 . F lux  1 is the flux calculated by com puting the  divergence of the 
electric field a t the position  of the quark. F lux  2 is obtained  by sum m ing 
the to ta l flux th rough  the m easurem ent plane, and including the flux th a t 
flows th rough the boundary  due to periodic boundary  conditions. F lux 3 is 
ob tained  via a  fit to the relation  £(r )  — (A2 /c )V  x J m (v ) = 4>e6o{f) which is 
a  generalization of the  dual London relation  to take into account the presence 
of the flux tube. Here (j>e is the fluxoid (or the to ta l electric flux) and 6 2 (F) 
is a  tw o-dim ensional 6 -function. We will discuss th is relation  in m ore detail 
shortly. T heoretically  the to ta l flux should be the charge enclosed, and  since in 
n a tu ra l units, 3 =  1 / e 2 (which converts to hcjer  in Lorentz-H eaviside units) 
we have for the to ta l electric flux <j>e,
T his is the last en try  in Table 6 . We find good agreem ent betw een the theo­
retical value <pc for the  to ta l flux, and  the calculated  values. T he exception is 
the  3  — 1.1 case. T his is consistent w ith the fact th a t for 3  = 1.1 the system  
is in the cleconfined phase so we do no t expect the  dual M eissner effect to 
occur.
Table 6 : Com parision of C alculated and  E xpected T otal E lectric Flux
.... 3 Flux 1 F lux 2 Flux 3 0 e
0.90 1.006(81) 0.98 (28) 0.986 1.054
0.95 1.042(25) 0.S1 (9) 1.016 1.026
0.97 1.015(19) 1 .1 4 (7 ) 1 . 0 0 1 1.015
0.99 1.004(9) 0.9S (3) 0.994 1.005
1 . 1 0 0.953 (1) 0.945 (5) 0.156 0.953
0 .1 0  '
0.08  '
0.06  '
0.04  '
0.02  '
0.00
Figure 3.3: Electric flux Distribution for 3 =  1.1
Figure 3.4 shows the electric flux in the confined phase, at ;3 = 0.95. 
Here the flux is confined alm ost entirely within one lattice spacing of the 
qq axis, and almost none flows through the boundary. This is the tube-like 
configuration tha t indicates confinement. The net flux is again equal to 1 / s / 3  
w ithin statistical error. T he d a ta  are consistent with results from an earlier 
study of the flux tube for 17(1) [14].
We show (£) as a function of distance from the qq axis in Figure 3.5. In 
Figure 3.6 we show (—V x J m ) as a function of distance from the axis. We fit 
our d a ta  to (£) — A2 /(c (V  x J m )), to extract A as shown in Table 7.
Table 7: A from a F it to the Dual London Equation
13 A
0.90 0.32(2)
0.95 0.4S2(S)
0.97 0.567(9)
0.99 0.755(6)
1.1 > lattice
The dashed curve in Fig. 3.5 is a result of using the solution to the dual 
London equation near a  vortex to yield a flux d istribution of the form
£{r) = ^ r A '„ ( r / A ) ,  3.3.2
■i7T A"
which is the dual version of equation (3.1.7). We can see th a t there is very 
good agreem ent between the continuum  version and the flux distribution  from 
the lattice sim ulations.
The value is consistent w ith the range of penetration of the electric flux 
in Fig 3.5 and the thickness of the current sheet in Fig. 3.6. In accordance 
w ith the London theory, we should see a divergence of the penetration  depth 
as we approach the transition to the deconfined phase. This is supported  by
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Figure 3.4: Electric F lux D istribution for 3 =  0.95
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ou r d a ta , w hich shows a  decrease in A fu r th e r away from  the  phase transition . 
Also, in the  deconfincd phase, where (V  x J \ j )  is a lm ost zero, fitted  values of 
A are larger th a n  our la ttice  size.
recalling  th a t a  su p erco n d u c to r p en e tra ted  by an  A brikosov flux tu b e  becomes 
m u ltip ly  connected  an d  the  London re la tio n  is rep laced  by the  m ore general 
fluxoid q u an tiza tio n  condition . Its dua l version is
w here n  is an  in teger. T he d a ta  in Fig. 3.7 rep resen t a  la ttic e  version of a  de lta  
func tion  w hose s tre n g th  is very close to  <pe = ( 1 / \f]3), as T ab le  6 shows. T hus 
if the  surface in teg ra l of Fig. 3.7 includes the  axis of the  qq p a ir, we o b ta in  
n — 1 , w hile if the  axis is excluded from  the  in teg ra l we o b ta in  n =  0  and  
eq u a tio n  (3.2.2) holds. It would be in te resting  to  find an  in stance  of n =  2, 
an d  one way is to in tro d u ce  doubly charged  quarks. However the  signal to 
noise ra tio  is too sm all to yield any definite conclusion.
T h is  s tu d y  has correctly  identified th e  co rre la tio n  functions th a t m ea­
su re  the  response  of the  m onopoles to the  presence of quarks. Because the 
d u a l L ondon eq u a tio n  and  the electric fluxoid q u an tiza tio n  condition  are s a t­
isfied, we conclude th a t quarks in 17(1) la ttice  gauge theo ry  are  confined via 
a  M eissner effect.
T he  anom alous behav io r of the  po in t on the  qq axis can  be u n d e rs to o d  by
3.3.3
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Figure 3.5: Electric flux Versus Transverse D istance for 3 — 0.95
62
2.2  
2 . 0  -±- 
1.8 
1.6 
1 . 4  
1.2 
1.0 
0.8
3
O  0.6  
1 0 . 4
0.2 
0.0 
- 0.2 
- 0 . 4
i 1 r
m  m
3
R
6
Figure 3.6: —V  x J,y Versus Transverse D istance for 3 =  0.95
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C H A P T E R  4 
M E T H O D  A N D  R ESU LTS F O R  S U (2 )  LGT
4.1 A belian  P rojection: T h e m axim al A belian  G auge
H ere we d iscuss th e  th eo re tica l basis  o f ’t H o o ft’s gauge-fix ing techn ique  in 
the  co n tinuum . T h e  need  for a  new  app ro ach  to  th e  n o n -A b e lian  case arises 
because  the  H iggs m echan ism , w hich suceeds in  confin ing q u a rk s  in  th e  case 
of 17(1) (because  U{ 1 ) gauge th eo ry  w ith  Higgs fields is fo rm ally  id en tica l 
to  th e  G in zb u rg  L a n d a u  theo ry  of su p erco n d u c tiv ity ) , fails to  do so in  th e  
non -A belian  gauge theory . To see th is , consider a  case w here  th e  u n b roken  
sy m m etry  g ro u p  a f te r  sp o n tan eo u s  sy m m etry  b reak ing  is a  co n tinuous A belian  
g roup . F o r in s tan ce , in  th e  G eorgi-G lashow  m odel, 0 ( 3 )  sy m m e try  is b roken  
spo n tan eo u sly  to  17(1). T h e  Higgs field con figura tion  p ro d u ces  n a tu ra l  m ag ­
netic  m onopoles of th e  t ’H ooft-Polyakov kind . T h e  m onopole  m ass is p red ic ted  
by th is  th eo ry  to  be  ~  137M w. Such m onopoles a re  too  heavy  (on  the  m ass 
scale of th e  q u a rk s) to  p a r tic ip a te  in  screen ing  ex te rn a l fields. T h u s  we m u st 
find an  a lte rn a tiv e  to  th e  H iggs m echanism .
To find an  analogous p ic tu re  o f confinem ent for n o n -A b e lian  theories, 
’t H ooft [1 1 ] considered  fixing th e  non-A belian  p a r t  o f th e  gauge freedom  
such th a t  th e  m ax im al A belian  (o r C a r ta n )  su b g ro u p  rem ain s. He show ed, in 
th e  co n tin u u m  theory , th a t  in  th is  special gauge th e re  ex ist s in g u la ritie s  th a t  
could  be iden tified  w ith  m agnetic  m onopoles. If these  m onopoles m im ic the  
U ( l)  m onopoles to  p ro d u ce  confinem ent in  an  analogous way, th en  th e  d u a l 
su p e rco n d u c to r h y p o th esis  m igh t be va lida ted  as th e  co rrec t m echan ism  for 
confinem ent.
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Below we go through the form ulation of this procedure, first in the con­
tinuum  and then on the lattice. As ’t Hooft points out, the idea behind gauge 
fixing is to isolate the degrees of freedom relevant to our problem . We fix 
the non-A belian p a rt of our SU(N) gauge theory so th a t the rem aining gauge 
freedom  is th a t of the C artan  subgroup, U( 1 )A _ 1. This is done by choosing a 
tensor X th a t transform s covariantly under a  gauge transform ation Q
X  = >  A'' =  fLYQ- 1 . (4.1.1)
We now look for the gauge where A’ is diagonal,
/ Ai \
A -=  .
\  A N J
Let V  be the gauge transform ation  th a t diagonalizes A'. T he gauge is still
undeterm ined since any diagonal ro ta tion
cl =  c/i«<y(e01, e IJ’2,.-->€<*'/v); ^  4>i =  0
will leave A' invariant. This is the Z7(l) iV -1  subgroup. We are left w ith an 
(N-l)-folcl abelian gauge invariant theory.
We decide on some ordering prescription for the A’s ; if A' belongs to the
Lie A lgebra of SU(N), Ai >  \> > ...A/v. If it is an clem ent of SU(N), then
A =  and ^  <j>i =  0, so th a t (pi > <f>2 > <l>3 etc.
U nder the gauge transform ation  V, the gauge field A fl becomes
.4,, =  (4.1.2)
and  the m a tte r fields ■</’ =  Vi!\
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It can be shown th a t the diagonal com ponents of A/( transform  like N 
Abelian potentials
ciji I — (in dtla, (4.1.3)
with the constrain t Y l i an l =  0- T hus for SU(2) lattice gauge theory after 
abelian projection, we will be left w ith one photon-like field. T he off-diagonal 
com ponents transform  as N ( N  — 1 ) charged vector fields:
=  -'[--Mi.,-; UAj )
(4.1.4)
For SU(2) a i  =  — ci-2 so we have one complex m a tte r field. T he above trans­
form ations can be dem onstrated  quite easily for S U { 2) by w riting .4/t as a 
2 x 2  m atrix  and perform ing a U( 1) gauge transform ation.
T hus, by the process of Abelian projection we have rearranged  the degrees 
of freedom, so th a t, for SU(2) for example, there is one photon-like field, one 
complex vector m a tte r field, and one species of m agnetic monopole.
4.2 Lattice Implementation
A belian projection was first im plem ented on the lattice by Kronfeld t t  al. [2 1 ]. 
A lthough m ore than  one kind of gauge has been studied  in the litera tu re , we 
confine ourselves to the m axim al A belian gauge, which seems to be the most 
prom ising. This is im plem ented in the following m anner.
We choose, as our tensor X to be diagonalizecl, the m atrix
A '(s) =  ^2[U(s, / . i)cr-jU\s, i . i)  + U \ s  -  ft, fi)a-jU(s -  (4.2.1)
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where s is a  p a rticu la r site, U(s , f i )  is a link variable a t s in the  p th  direction, 
and  cr3 is the th ird  Pauli m atrix . T his is the lattice equivalent of the gauge
condition D , , A +IL =  (d,c +  iga,, ).4+/' =  0, where all( A ±t‘) are  (off) diagonal
elem ents of the p o ten tia l .4.,,. D iagonalizing A' at every site is equivalent to 
perform ing a local gauge transform ation  V(  s ) such th a t
R  =  ^ 2  Ti'W-iU {s, fj.)a'3U f {s, /j.)} (4.2.2)
3,fl
is m axim ized. Here U(s, [ i )  =  V ( s ) U { s ,  (s +  //.). A fter R  is m axim ized,
the gauge is fixed and  a  coset decom position of the link variables is perform ed 
w ith respect to the  C’a rtan  subgroup U N ~ 1(1) of the SU(N) gauge theory:
U{s,  f.i) = c(s , / . t )u{s , /j.), 4.2.3
where « (s ,/ /)  € (7:V-1(1) and  the ) are m a tte r fields. Explicitly,
f j t  „ _  A 1 “  lc( - M 0 | 2 ) I/2 - c * ( s , n ) \  ( u ( s , n )  0 \
V  c ( s , / t )  ( 1  -  | c ( s , A0 r 2 ) 1 / 2 y  V  0
4.2.4
T he m atrices u(s,f .i)  and  c ( s , f i ) have the app rop ria te  gauge transfo rm a­
tion properties under ( / ( l ) ^ - 1 :
u'(s,f. i) = d(s)u(s,  (s +  jx)
c'{s,f.i) = d(s)c(s ,  i-i)d~l (s).
For the  abelian  link variables u ,(s ,/ i) , we choose the p a ram etriza tio n
■Ui{s,/.i) = exp{i  i\rg[Ua{s, f.i)]), i =  1 , . . .  , N  -  1. (4.2.5)
For SU(2), a. group elem ent U m ay be w ritten  U = U.\I +  icr.U, so tha t 
Ui\  =  U.i +  iUn =  |h’i 11 exp(id). T hen the abelian link variable becomes
cs
sim ply a =  exp (id). In the naive continuum  lim it
u i(s , p)  — > exp  ^ i  J  c l x a ‘M
where the line in tegral is along the link, and a,t ‘ is the continuum  abelian 
potentia l. It can be easily shown th a t their transfo rm ation  properties under 
are:
Ui'(s, p)  — exp ( iai (s) )ui{s ,  p)  exp( — +  p).
Ci j ' ( s , p )  =  e x p ( / a i ( . s )  -  i a j { s ) ) c i j ( s , p ) .
In this gauge, m onopole currents are located  in a. m anner exactly sim ilar to 
the  case of 17(1) lattice  gauge theory  discussed in chap ter 4.
We briefly discuss our gauge fixing techniques before going on to  the 
m easurem ents and  results. We use three algorithm s, a  m odified M etropolis 
procedure  th a t searches for the m axim um  of R,  an analy tic  m ethod  th a t th a t 
m axim izes R. locally a t a lte rn a te  sites, and  an app ropria te ly  m odified overre­
laxation  procedure.
T h e  first m ethod is a pure accep tance/re jec tion  version of the  M etropolis 
a lgorithm , th a t accepts a new configuration if it raises the value of R,  and 
rejects it otherw ise. Its disadvantages are th a t due to the lack of random ness 
th is p rocedure could get stuck a t a  local extrem um , and  also th a t  it m ay slow 
down and  ap p ear to  sa tu ra te  well before the actual ex trem um  is reached. We 
overcom e these problem s by in terspersing  calls to this rou tine  by calls to the 
o ther two.
T h e  second m ethod calculates analytically  the  form  of a gauge transfo r­
m ation  g which m axim izes R.  T h is is done by m axim izing the expression
Tr[t'T(o>, g)(]v.i<j^U\$, p)(Ji \ -  A(gf  +  </■> +  +  g\  -  1)
GO
with respect to each component of g. Here A is the Lagrange m ultiplier. We 
dia.gona.lize the resulting 4 x 4  quadratic, form th a t has two eigenvalues + 1  
and two eigenvalues —1. This determines two of the three independent, com­
ponents of g, and the th ird  is chosen randomly. This algorithm  goes toward 
Rmaz  m ore steeply than  does the first, provided R  is already high enough. 
The th ird  m ethod is an overrelaxation procedure in which the existing lattice 
configuration is transform ed by using the square of the element g determ ined 
from the second algorithm . This does not change the value of R,  b u t moves 
the configuration around in phase space, averting the danger th a t it may get 
stuck in a local extrem um .
A fter trying out various combinations, it was found th a t the fastest way 
to proceed to whs to use the first m ethod un til R  appeared to satu rate ,
and then to call the second routine repeatedly, w ith calls to the overrelaxation 
procedure every once in a while. The extent of gauge-fixing is m easured, as in 
the work of Ref. [24], by |.Z|2, which is the lattice version of <  \DllA + \^'2 > , 
and is defined thus:
lZ l2 =  4 7  1^1^ )  +  (4.2.6)
where V  is the lattice volume and
Z i{s ,n )cr \ + Z o(s , li)oi
= U{s^L)a:iU i ( s , f i )a:i -  cr:iU{s,  f.i)cr-,iUi (s,f.i)
+  C^(s -  //, 3
-  a:iU \ s  -  f.i,fi)a3U(s  -  //,/i)- 
\Z\~ is simply the sum  of the squares of the off-diagonal elem ents of the m atrix  
A'.
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4.3 R esults and their Interpretation
O ur sim ulations are perform ed on a 133 x 14 lattice  w ith skew-periodic bound­
ary conditions, for f3 =  2.4 and /3 = 2.5. T he link variables U{s,/.i) are S U ( 2 ) 
group elem ents th a t are u p da ted  in every sweep by one call to a M etropolis 
a lgorithm  and  one call to an overrelaxation algorithm . Before any m easure­
m ents are taken, the  system  is therm alized by 1000 such sweeps. In each 
m easuring  sweep, 654 gauge fixing sweeps of the kind described in the  previ­
ous section are perform ed. T he typical value of R  after th is process is ^  0.74, 
and  \Z\2 «  10- 5 . A fter the m easurem ents are taken, 25 regu lar SU{2)  updates 
are perform ed which undo the gauge fixing procedure. In the next m easuring 
sweep the process is repeated . In th is way we accum ulate 210 m easurem ents 
for b o th  0  =  2.4 and  (3 =  2.5. We have some additional m easurem ents for 
/3 =  2.4, which to ta l 481, and  we use this full set for one p a rt of our analysis. 
T he g rea test lim iting factor in this sim ulation is the  C PU  tim e for a gauge 
fixing sweep, which is about 25 m inutes, com pared to  ab o u t 15 seconds for a 
regular SU{'2) u p d a tin g  sweep.
A fter gauge fixing, the m easurem ent procedure is identical to th a t for the 
17(1) case described in C hap ter 3, section 2, so we will d irectly  p resen t our 
resu lts below. O ur m easurem ents of the bulk properties of the vacuum  are 
sum m arized in Tables S and  9. We have m easured the p laq u e tte  and  3 x 3  
W ilson loop, b o th  for the full S U { 2) values and for the ir values a fter gauge- 
fixing, in term s of the residual A belian link variables. O ur resu lts for the la tte r 
agree well w ith those of Suzuki [24]. We m easure also the m onopole perim eter 
density  p m and the average absolute value of the  curl of the  m onopole current, 
which are defined in C hap ter 3.
Table S: Bulk P roperties  of the S U ( 2) V acuum
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ft P laquette TF(3, 3)
2.4 0.03011(24) 0.05952(17)
2.5 0.65195(17) 0.08357(28)
Table 9: Bulk P roperties after A belian P ro jec tion
ft A belian
P laq u e tte
A belian
W (3,3)
Pm |V  x J m  |
2.4 0.75071(32) 0.17505(49) 0.02S17(5) 0.11078(30)
2.5 0.791S6(25) 0.25940(93) 0.01416(11) 0.05603(42)
N ext, we m easure the correlations (£(r)}  defined in equation  (3.2.4), and  
(V  x J m ) defined in (3.2.7). Again, we re s tric t ou r m easurem ents to the 
cen tral tim e slice of the 3 x 3  W ilson loop, which lies as before in  the z — t 
p lane. We are fu rth er res tric ted  to the  transverse  (x  — y)  p lane m idway along 
the  qq axis, w ith  area  9 x 9 in la ttice  units. O ur (V  x J ;\,/) d a ta  are shown 
in F igure 4.1 for ft =  2.4 and  in F igure 4.2 for ft =  2.5. F igure  4.3 shows the 
cu rren t J m  calcu lated  from  (V x J \ i ) in a  m an n er we shall describe shortly. 
F igures 4.4 and  4.5 show ou r (£{r))  d a ta  for ft =  2.4 and  2.5 respectively.
As we can see from  Figures 4.1 and  4.2, in  co n tra st to our 17(1) study, 
ou r S U ( 2 ) d a ta  show a su b stan tia l signal at r  =  1.0. T h a t is, in stead  of the 
signal crossing zero w ith in  one la ttice  spacing  from  the  qq axis (as in U (l)) , 
it crosses zero a fter one la ttice  spacing. T his seems to  ind ica te  th a t the  core 
region, in stead  of being w ith in  a  la ttice  spacing (or point-like on our scale) 
is now percep tib ly  larger. T he  im plication  is th a t the  coherence length  is no 
longer zero bu t a num ber g rea ter th an  one an d  th a t, except for regions far
from the core, the London equation will 110 longer apply. Since the Ginsburg- 
Landau theory of superconductivity  allows for the existence of a non-zero 
coherence length (as we explain below), we a ttem p t to apply its dual version 
to fit our data.
Recall th a t the G insburg-Landau theory postu la tes a complex order pa­
ram eter, <r'{r), where |L’(/T)I" is the local num ber density n 3 of the supercon­
ducting  charge carriers. It assumes th a t the free energy can be expanded in 
powers of |«/’( r ) | 2 and  |V</'|2. leading to a pa ir of coupled differential equations 
for U'{r) and  the vector potential A(r) .  It is a generalization of the London 
theory in th a t it allows n a to vary over a  characteristic  length (the  coher­
ence length  £). It allows for nonlinear response to  fields strong enough to 
change n s (see the London theory discussion in C hap ter 3, section 1), and  is 
p articu larly  useful in regions of spatial inhom ogeneity, such as the interface 
between norm al and  superconducting regions. In the lim it where the pene­
tra tio n  dep th  A is m uch larger than  the coherence length  £ (type-II supercon­
ductors), the G insburg-Landau equations reduce to the London theory. The 
G insburg-L andau param eter k =  A/if distinguishes between the two kinds of 
superconductors. Type-I superconductors correspond to k  <  \/2 , and type-II 
to k > \/2.  The G insburg-Landau equations are:
Qh’ +  7 1'/’N ’ +  ( — V  -  — A ) 2 1p =  02m* i c
Here a ,  7  are tem peratu re  dependent param eters w ith 7  >  0, and m*  and e*
are constants. The current density J  is
♦ 1• ♦ 2
/ =  -  4 > v r )  -  ^ r > i ' A
2 m  1 m e
W riting the wavefunction as il' = 4’o c which is appropriate in the
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presence of an  axially  sym m etric  vortex  or flux tube , th is can lie rew ritten
1 2 k A \ 2 _  I j L  f  r  df
<$0 ) r dr  V dr
= 0. (4.3.1)
H ere <S>o is the  flux q u an tu m , equal to the  to ta l flux enclosed, <&o =  ji .4 • dl =  
27T7’Aoo> w here the  line in teg ra l is over a  circle large enough  to  enclose all the  
flux. T h e  cu rren t density , w hich has only a ^-com ponent, is
J =  ^ 0 o o 2 / 2 - (4.3.2)m* \ r  fto /
A n ap p ro x im a te  so lu tion  to  f  over the  en tire  r  range is
/  ss ta n h ^ . (4.3.3)
W e will a tte m p t to  fit our d a ta  to  the  d u a l version of th is theory. We use 
th e  C E R N  p lo ttin g  package M IN U IT  for all o u r fits. W e have 4S1 m easu re ­
m en ts  for ft =  2.4, an d  210 m easu rem en ts  for ft =  2.5.
Take th e  generalized definition of the  fluxoid:
<Po
=  l E - dS +  £ I s V X ( . w ) - d S -
A gain using  ft =  - we o b ta in  a  d ifferential form  for this equation ,
w hich for d istances well ou tside  the core, is,
E ( r )  + ~ Y  x = 0 .  (4.3.5)
A fter w orking o u t the  curl, th is  can be rea rran g ed  to  give an  eq uation  th a t 
we use as a  fitting  function  for ou r E ( r )  d a ta :
2 A.-1 kosech2(k2r)J.M{r) IcftX? x J m (v ))
fr-'ir) = ----------------  o------------• (4 .3 .0 )
tanli' (k ’2 r ) tanh"( k i r )
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Here, k\ and  k> are fitting  param eters, and A-i =  A~,k-} =  l /£ .  To evaluate 
J M (7’)i we use a sim ple fitting  function f c to fit our V x J  d a ta  first.
f c = 2ira\
2
e _ , . na _  _ £ _ e - r e
a2~
(4.3.7)
Here a\ ,  a? and  are fitting  param eters  an d  c =  «■>( 1 +  ci-i2 ). (F ittin g  
functions involving the sum  of two exponentials are unstab le, and c is used to 
p revent th is by m aking sure th a t c > a-> a lw ays). O ur d a ta  and th is fit are 
shown in Fig. 4.1 for /3 =  2.4 and Fig. 4.2 for f3 =  2.5.
J \ l { r )  is then  evaluated from V x J,\[(r) thus:
J A1(r) = -  [  d r ' r ' V  x J{r' ) .  4.3.S
r  Jo
T his works ou t to be
J<u(r) =  [—e_a2' ( l  +  a2r)  +  (1  +  cv)e~cr} . (4.3.9)
a-2-r L
T he p aram eters  in equation  (4.3.7) are chosen so th a t J m {v ) is zero a t r  =  0 
an d  vanishes faster th an  1 /?* as r  —> co, as seen in Fig. 4.3. ( J M(r ) is 
expected to vanish faster th an  1 /r  because th a t will allow V x J m (t ) to 
becom e negative, as it does in our d a ta .)  In the expression for E(i'),  equation 
(4.3.S), the functional forms of J m (v ) and  V x J m [v ) are used on the right
han d  side. W hile the fit to V x J \ i { r )  uses all our d a ta  poin ts, the fit to E( r )
excludes the po in t a t r  =  0, where the fitting  function for E{i') blows up. The 
fit to  E ( r )  and  the d a ta  are shown in Fig. 4.4 and  Fig. 4.5.
Before presenting  the resu lts  we note th a t  one m ore piece of inform ation 
can be ob ta ined  from this analysis. We can check for fluxoid quantization  as 
follows. T he flux quan tum  is given by
<i>0
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Figure 4.1: — (V  x J,\i) Versus Transverse D istance for '3 — 2.4
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Figure 4.2: — (V  x J\[) Versus Transverse D istance for 3 =  2.5
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Figure 4.3: J \ /  Versus Transverse D istance for 3 — 2.4
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Figure 4.4: E lectric F lux Versus Transverse D istance for 3 — 2.4.
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Figure 4.5: Electric Flux Versus Transverse D istance for 3 =  2.5
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Now w hat we m easure  to  be V x J,\i(r)  is ac tua lly  a line in tegral §  J  • dl 
a ro u n d  an e lem en tary  p laq u ette , as d iscussed in C h ap te r  3, section 2. T h is 
corresponds to  a  c ircu lar p a th  C  w ith  the  rad iu s in la ttice  un its  given by 
7tv2 =  1. N ote also th a t in  o u r m easurem ent of E( r ) ,  we are really  m easuring  
the  flux of E ( r )  th ro u g h  a  p laq u e tte , an d  we som ew hat a rb itra rily  assign the 
cen ter of the p la q u e tte  as the  argum en t of E(r ) .  In o th e r w ords, E{0)  does 
n o t necessarily  m easure  th e  electric field a t the  po in t r  =  0. R a th er, it can  be 
tak en  to  be the  value of fhe field sm eared  ou t over th e  a rea  of the  p laq u ette . 
T h e  above eq u a tio n  becom es
< p ^ E ( 0 )  + X2 
w hich, for r =  1 /  s/rr reduces to:
<j>0 ~ £ (0) + i 2!r>2A2’-J" M l 4.3.10
r =  1 / v ^f - ( r )
T h is  value can th en  be com pared  w ith  th e  fluxoid value o b ta in ed  d irectly  from  
the  d a ta  by sum m ing  all E ( r )  values in  o u r 9 x 9  d a ta  array. T h is  is because 
a t  sufficiently large d istances from  the  core, the  second te rm  in  the  equation  
for th e  fluxoid, V  x (J / / 2 ) will vanish , so th a t the  fluxoid is no th in g  b u t the 
to ta l e lectric  flux over the  en tire  surface area.
In  a p re lim in ary  analysis we find th a t the  u n certa in ties  in the  p a ram ete rs  
from  M IN U IT  are  very sm all (in som e cases less th a n  1%) an d  it is unlikely 
th a t  they  give a  realistic  idea  of the  ac tu a l sp read  in  the  p a ram ete rs . Also, the  
values of \ 2 are  ab o u t 250 — 3000 for the  fit to <  S  > a n d  30 — 40 for the  <  V  x 
J m  >  fit- -^ -t first sight these m ay seem  unaccep tab le  b u t th e re  are  two reasons 
w hy \-2 fails as a  good m easure  of the  q u a lity  of the  fit. F irstly , the  s ta tis tic a l 
e rro rs , p a rticu la rly  in the  <  £  >  d a ta , a re  very sm all, p ush ing  up \ 2. Secondly,
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there  are la ttice  a rtifac ts , seen in the sca tte r of clata po in ts, particu la rly  in the 
<  V  x J \ i  >  d a ta  we shall discuss shortly. T his is a  consequence of the  fact th a t 
ro ta tio n a l sym m etry  is broken on the  la ttice , and  yet we are a ttem p tin g  to fit. 
our d a ta  to a  function  w hich does possess ro ta tio n a l sym m etry. Visually, the 
fits are  reasonable , and  it would be unrealistic  to  expect b e tte r , considering the 
relatively  low num ber of m easurem ents and  the  fact th a t the  fitting  function 
itse lf is an approx im ation  to the  true  solution.
To get a  realistic  estim ate  of the  errors, we divide ou r d a ta  set into 4 
equal p a rts  of 1 2 0  m easurem ents each, and  analyse each set independently . 
We then  take the  averages of the  physical quan tities  from  each d a ta  set, and  
calcu late  the  s ta n d a rd  deviation, which is m ore indicative of the  tru e  error. 
Below are the  resu lts  from  such an analysis.
Table 10: P aram eters  for (V x J m ) w  F it
Set a  i Clo «3
1 -0.00285 1.019 0.8240
2 -0.00349 1.061 0.7527
3 -0.01239 1.193 0.4210
4 -0.0017S 0.936 0.9799
all -0.00275 1.009 0.8251
T able 1 1 : P ro perties  of the S U(2)  D ual S uperconducto r
Set A 0 0 F^3  11 Til
1 1 .1 1 0 1 1.4945 0.1745 0.1765
2 1.0696 1.4799 0.1599 0.1719
3 0.8782 1.3390 0.1025 0.17S8
4 1.1505 1.6232 0.2027 0.1776
all 1.1529 1.3959 0.1644 0.1763
S2
We now take the d a ta  from the first four rows of these tables and calculate 
averages and  s tan d a rd  deviations. We ob ta in
bu =  0.16 ±  0.04 
E aum = 0.176 ± 0 .0 0 3  
A =  1.05 ± 0 .1 2  
f  -  1.48 ± 0 .1 2
T he G insburg-L andau param ete r is k =  0.7 ±  0.1, where the uncerta in ty  is 
ob ta ined  by p ropagating  errors in A and <f. T hus the  SU{'2) vacuum  seems to 
be on the  borderline betw een type-I and  type-II superconductors.
T he last row of Tables 10 and  11 is the resu lt of analysis on the 481 
m easurem ents as a whole. It is encouraging th a t the values of A, if. bo and  k 
are  equal w ith in  uncerta in ty  to the averages calculated above.
For [3 =  2.5, the lim itations of com puter tim e allow us only 210 m ea­
surem ents, which are analysed as a whole and  give us the following results. 
M IN U IT errors are not quoted.
a =  -0 .00105  
b =  0.8334 
d =  1.0066 
A =  1.8958 
f  =  1.407S 
cpo =  0.2S2 
Esum =  0.252
As we a tte m p t to go to the continuum  lim it, we expect th a t these param eters 
will change. In th a t case, w hether the corresponding superconductor is type-I
or type-II rem ains to be seen. Also, these param eters will change as we go to 
larger W ilson loop sizes. 3 x 3  loops represent quarks th a t are too close for 
the  flux tube  to be really well defined. Since our work is more in the nature  of 
a  search for the correct correlation functions than  a study of the details, these 
relatively sm all W ilson loops suffice. W ith in  these lim itations we see th a t our 
a ttem p t to fit our d a ta  to  the dual G insburg-L andau theory succeeds reason­
ably well, surprisingly so, considering the approxim ate n a tu re  of our approach. 
In  sp ite  of the prelim inary n a tu re  of this analysis, we have dem onstrated  the 
M eissner effect (and hence validated the dual superconductor hypothesis) for 
S U ( 2) lattice  gauge theory, and also succeeded in gleaning some details of the 
m echanism .
S U M M A R Y
T he aim  of this investigation has been to test the  dual superconductor hy­
po thesis of confinem ent w ithin  the fram ew ork of la ttice  gauge theory. T he dual 
superconducto r hypothesis is, to da te , the m ost viable m echanism  for quark 
confinem ent, b u t it cannot be easily investigated  analy tically  because the  low- 
energy regim e of the s trong  in teractions is highly n on -pertu rbative . This is 
w here la ttice  gauge theory becomes useful as a  n a tu ra lly  non -pertu rbative  
calcu lations! tool. In the two decades since ’t  Hooft and M andelstam  first 
proposed  the dual superconductor m echanism , m uch la ttice  work has been 
done, accum ulating  an  im pressive body  of m ain ly  c ircum stan tia l evidence in 
its  favor. O ur dem onstra tion  of the M eissner effect in 17(1) which could have, 
from  a  technical s tan d p o in t, been done soon a fte r th e  work of D eG rand and 
T oussain t, is an unam biguous validation of the  dua l superconductor h y p o th ­
esis w ith in  the lim itations of our la ttice  investigation. We have shown th a t 
U{ 1) la ttice  gauge theory  has a  vacuum  identical to  a  dual, extrem e type-II 
superconducto r in  which the m agnetic m onopoles screen ex ternal electric flux, 
an d  b o th  the  dual London re la tion  an d  the electric fluxoid quan tization  con­
d ition  a re  satisfied. We have im plem ented t ’H ooft’s A belian pro jection  for 
SU( 2 )  la ttice  gauge theory  and  perform ed a  sim ilar investigation th a t, while 
confirm ing a  M eissner effect, yielded resu lts qualita tively  different from  the 
17(1) case. It seems th a t the vacuum  of the 517(2) la ttice  gauge theory is 
like a  superconducto r on the borderline betw een type-I and type-II, having a 
coherence leng th  detectab le  on the  scale of ou r la ttice. T he coherence length 
is also com parable  to the penetra tion  dep th . We have dem onstra ted  th a t the
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fluxoid is quantised w ithin the uncertainties of our investigation. One rem ark­
able aspect of this study is th a t we obtain  reasonably clear results in spite of 
relatively few m easurem ents.
The results of this investigation are something of a breakthrough in the 
lattice study of the confinement mechanism. Also, it is now clear how to 
proceed to the full non-Abelian theory, S U ( 3), th a t describes quarks. This 
is the next im portan t step  in the lattice study of confinement. But even for 
£7(1) and SU{2)  la ttice gauge theory, the picture is far from complete. Aside 
from the problem s inherent in any lattice sim ulation, one of the drawbacks of 
this investigation is th a t we have considered ra th e r small W ilson loops of size 
3 x 3 .  There is the likelihood th a t our results are contam inated by excited 
quark states tha t exist during the creation and annihilation process. Ideally a 
larger W ilson loop - of size a t least 5 x 5 -  should be used. This is difficult to 
do in £ 7 (1 )  gauge theory, since the signal to noise ra tio  is very small for Wilson 
loops larger than  3 x 3 .  In the non-Abelian theories large W ilson loops give a 
clear signal, b u t this is offset by the time-consuming gauge-fixing process.
T here are also questions th a t arise in the in terpreta tion  of any lattice 
result. F irst, it is not necessary th a t a result obtained a t a  finite lattice 
spacing will still be valid in the continuum  limit, assum ing a continuum  limit 
exists. Taking the continuum  lim it in the correct fashion involves a study of 
scaling, (calculating w ith different values of j3) and attem pting  to extrapolate 
to the continuum . This is a  highly non-trivial com putational project. We also 
need to resolve some conflicting evidence from studies like those of Ref. [39] 
which appear to indicate th a t the unit cube monopoles m ay not be the correct 
physical quantities. Also, it is im portan t to investigate w hether the quantities
S6
we have m easured are gauge independent, which they ought to be if they are 
physical quantities [40]. T he dual superconductor hypothesis should also be 
able to account for the features of the  flux tu b e  gleaned from  various la ttice  
studies [13,14]. Such questions need to be resolved before we can say th a t the 
confinem ent m echanism  on the  la ttice  is fully understood.
O ur m ethod  paves the  way for fu rth e r studies of confinem ent on the 
la ttice. O ur results, in p a rticu la r estim ates of the p enetra tion  d ep th  and 
coherence length , will serve as constra in ts  in o th e r m odels of confinem ent.
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